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Abstract

The main aim of this thesis is to study the phenomenon of the shear instability of circular
jets with the analysis of a new experiments, that use a different forcing from the rotating
disks used in the past. The forcing in this experiment, performed at the Coriolis-LEGI
facility in Grenoble (France) in 2009, is provided by a source-sink setup, that is a better
approximation for what happens in nature.
A second aim is to check what kind of misjudgments, if any, were made both during the
setup of the experimental apparatus and during the execution of the experiments, and
point out some features that could be improved in future work.
The thesis will, in its first part, focus on the theorical background for both the physics of
the phenomenon and the technique used to record and study the experiments.
The physics background will contain the conditions that are required for the instability
to manifest, and the ones that will allow to extend the results obtained in a laboratory
experiment as a general representation of the phenomenon. The technological background
will describe the Particle Image Velocimetry(PIV) using a cross-correlation algorithm(CIV)
to obtain velocity fields. A decription of the experimental apparatus will also be made
there.
In the second part, my thesis will discuss the procedures that I used to analyze the provided
datasets, the problems found and the way to resolve them. I will also discuss similarities
and differencies between the results obtained with the source-sink set-up and the ones with
disks. Lastly a map that represents the different cases obtained through the analysis will
be suggested, utilising dimensionless numbers, in particular Rossby and Ekman numbers.
In particular I will discuss the steps and results for:

• Calibration of the recorded images, in order to minimize the error due to the camera
acquisition.

• CIV analysis to obtain velocity fields from the images recorded.

• Study of velocity and vorticity profiles in order to characterize the vortices and their
eventual evolution, up to possible long-term stationarity.

• Search for formation of possible secondary vortices.

• Search of the main wavenumber for the vortices using a spectral analysis, in order
to suggest a map that could link the main modes and the dimensionless numbers for
each different experiment.
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Chapter 1

Introduction

Thw shear instabilities of a fluid has been observed in numerous cases, such as geophysical
and astrophysical flows. Those kind of instabilities are interesting for the various geomet-
rical shape structures they tend to form, both on Earth and other planets.
A better understanding of the phenomena is required. What in particular is not well un-
derstood is the origin, the duration and the preferred shape that those structures present.
The polygonal structures are thought to be formed from barotropically unstable horizzon-
tal shear layer caused by differential rotation, called Stewartson layer [40].
The barotropic instability can deform the axisymmetric Stewartson layer in a polygonal
pattern. Those pattern are usually not stationary in respect to the background flow. An
example of the formation of an unstable shear layer is shown in figure 1.1

Figure 1.1: Evolution of an unstable shear layer to mode three. Credits to Van de Konijnenberg
[43] for the image
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1 – Introduction

A geophysical example of the formation of particular geometric shape from barotropic
instability are the formation of meso-vortices within the eye of hurricanes [22, 21], as can
be seen in figure 1.2.

Figure 1.2: Mesovortices in the eyewall of hurricane Isabel. The starfish pattern is caused by the
presence of six mesovortices. Credits to Kossin [20] for the image

An interesting extraterrestial example is the hexagonal structure in Saturn’s North
Pole [16, 12] (see figure 1.3) by the Voyager and Cassini spacecraft, while it is not present
in the hurricane eyewall structure in its south Pole [9].

Another extraterrestial case is thought to be caused by the barotropic instability [23]
are the Venus northen [28, 41] and southern [34, 24] polar vortices (shown in figure 1.4. In
that case is not yet understood to what extent the baroclinic instability is important to
the formation of the dypole.

In the astrophysical scale there has been the generalization of the barotropic instability
to the hydromagnetic field of study, demonstrating the instability of the solar stratosphere
caused by the addition of a non uniform toroidal magnetic field [15].
There is also quite a number of laboratory experiments that showed the Stewartson layer
and the barotropic instability [18, 31, 38, 14, 43, 2]. Except for the van der Konijnenberg
experiment, that consists of differential rotating tank [43], the other experiments consisted
in a system of two differential rotating disks. In particular the work of Aguiar [2] shows the
similitude between the Saturn polar vortex and the flow produced by the two differential
disks in a rotating apparatus [2]. Those experiments have revealed the dipendence of the
preferred geometric structures on dimensionless parameters.
Numerical studies tried to understand the flow structure [3, 13, 37], but they show dis-
crepancies when compared with the experimental observation. The numerical simulation

2



1 – Introduction

Figure 1.3: Hexagonal structure for the vortex at Saturn’s North Pole. Credits to NASA [30] for
the image

Figure 1.4: S-Shaped pattern near the South Pole of Venus. Credits Piccioni [33] for the image

of Vo [44] characterizes the vertical structure of the instability.
The understanding of the instabilities in rotating flow may provide an explanation to the
formation of the polar vortices and meso-vortices.

This thesis aim is to make an analysis of the experiments on the barotropic instabilities
made in the Coriolis facility of the Legi in Grenoble by Dr. Montabone et al. [27], that
used a new source-sink configuration, and compare the results with the ones obtained for
the experiments performed in Oxford [2, 1].
This work is organized in two different parts. The first one gives an insight on the physical

3



1 – Introduction

and technical background that is needed to better understand the phenomenom. The sec-
ond part discusses, with accuracy, the procedures used for the analysis of the experiments,
and the results obtained. It also confronts them with the previous experiments made with
the differential disks rotating set-up.
A discussion of the comparison and critical points of the experiments is also included in
the discussion.
Finally an overview of future work that is needed to better understand the shear layer
instability is made.

4



Chapter 2

Barotropic and Baroclinic
Instabilities

The experiments I have analyzed are based on the assumption that the fluid is locally
barotropic. The assumption holds in the bulk of the reservoir because an homogeneous fluid
in rapid rotation is used. This effect is summarized in the Taylor-Proudman theorem.In
order to conserve the mass of the fluid in the tank, a system of sources was added to
the set-up, and the circulation was mantained by an hydraulic pump (see chapter 5 for a
detailed description). This source-sink set-up has two additional consequences:

• It mimics the planetary meridional circulation driven by equator-to-pole temperature
gradients,

• It introduces baroclinic effects at the sink boundary.

The laboratory model I describe is therefore equivalent to a barotropic layer of atmosphere
bounded by a lower baroclinic layer.
For these reasons I am going to present the main causes and consequences of both barotropic
and baroclinic instabilities, giving more emphasis to the former. The following tractation
follows the one proposed by G. Vallis [42].

Barotropic instability is usually caused by the shear in a flow, and usually happens
in fluid with constant density: it is studied mainly as a mechanism of instability for jets
and vortices, and as an important process for both two-dimensional and three-dimensional
turbulence.

Baroclinic instability usually arises in rotating and stratified fluids with a horizontal
pressure gradient. It is the baroclinic instability that makes possible large scale motions
in the atmosphere and the ocean (i.e. the weather system).

5



2 – Barotropic and Baroclinic Instabilities

2.1 Barotropic instability

2.1.1 Kelvin - Helmotz instability

Kelvin−Helmotz instability is the easiest example of fluid-dynamical barotropic instabil-
ity and it is caused by a constant density flow, having a perpendicular shear to the fluid’s
mean velocity.
Let us consider two different two-dimensional fluid masses having the same density ρ, with
a common interface, moving with velocities +U and −U respectively, as illustred in figure
2.1.

Figure 2.1: Initial state of
a shear-flow instability.
Density is uniform.
Velocity profile is
discontinuous

Credits to G. Vallis for
the figure [42]

When the flow is slightly perturbed, and the initial perturbation is small, the nonlinear
interactions are the squares of small quantities, therefore it is possible to neglect them for
small interval of times. The equations that determine the evolution of the perturbation
are the linearized Euler equations for the steady solution.
The following equations are satisfied (the prime denotes perturbated quantities, p is the
pressure and ~u is the velocity)

∂~u′

∂t
± U ∂~u

′

∂~x
= −∇p′ (2.1)

~∇ · ~u′ = 0 (2.2)

where the positive term is intended for y > 0, while the negative is for y < 0. Given
periodic boundary conditions, it is useful to seek a solution of the form

Φ′ (x, y, t) = Re
∑
k

Φ̃k (y) eik(x−ct) (2.3)

Since equations (2.1) are linear, it is possible to study only one of the Fourier modes.
Taking the divergence of equations (2.1) the first member is null, thus the pressure satisfies
the Laplace’s equation

∇2p′ = 0 (2.4)

6



2 – Barotropic and Baroclinic Instabilities

that has solution in the form

p′ =

{
Re
[
p̃1e

ikx−kyeσt
]

y > 0

Re
[
p̃2e

ikx+kyeσt
]

y < 0
(2.5)

σ = −ikc is the growth rate of the solutions. The imaginary component identifies an
oscillatory motion. In atmospheric sciences c is a real constant and has the dimension of
a velocity.

To obtain the dispersion relationship the y-component of equation (2.1) is considered

∂v′1,2
∂t
± U

∂v′1,2
∂x

= −
∂p′1,2
∂y

(2.6)

Using v′1 = ṽ1e
ikx+σt and equation (2.5)

(σ ± ikU) ṽ1,2 = ±kp̃1,2 (2.7)

Since the velocity normal to the surface is, at y = 0, the rate of change of position of
the interface

v1,2 =
∂η′

∂t
± U ∂η

′

∂x
or ṽ1,2 = (σ ± ikU) η̃, y = 0± (2.8)

where η′ is the displacement of the interface from its equilibrium position. Using this
equations in formula (2.7) and, since the pressure must be continuous

(σ ± ikU)2η̃ = ±kp̃1,2, y = 0±

p1 = p2 y = 0
(2.9)

From both the positive and negative cases, the dispersion relationship must then be
σ2 = k2U2, that has two roots, one of which is positive. The amplitude of the perturbation
then can grow exponentially(i.e ≈ eσt) and the flow is unstable. An example of Kelvin-
Helmotz instability can be found on clouds formation, as shown in figure 2.2 and 2.3.

2.1.2 Parallel shear flow instability: Rayleigh’s Equation

This kind of instability is an example of barotropic instabilty that occurs a lot in both
ocean and in atmosphere when a flow is unstable because of its horizontal shear, and it
tends to be similar to baroclinic instability.
For semplicity sake, it will be discussed only the case of a two-dimensional incompressible
flow.
This kind of flow, defining vorticity as ~ξ = ~∇× ~u, responds to the vorticity equation

D~ξ

Dt
= 0 (2.10)

7



2 – Barotropic and Baroclinic Instabilities

Figure 2.2: Example of K-H instability: billow clouds appear wrapped up into spirals
Credits to Brooks Martner[6] for the image

Figure 2.3: Example of K-H instability formation
Credits to Brockmann-consult[5] for the image

Supposing to have an horizontal parallel flow that may vary along the vertical direction

~u = U (y)~i (2.11)

Equation 2.10 can be written in the form

∂~ξ′

∂t
+ U

∂~ξ′

∂x
+ v′

∂Z

∂y
, Z = −∂U

∂y
(2.12)

The mass continuity equation is

∂u′

∂x
+
∂v′

∂y
= 0 (2.13)

now it is useful to introduce the streamfunction ψ that has to satisfy the following
properties

u′ = −∂ψ
′

∂y
, v′ = −∂ψ

′

∂x
, ~ξ′ = ∇2ψ′ (2.14)

8



2 – Barotropic and Baroclinic Instabilities

so, equation (2.12) becomes

∂∇2ψ′

∂t
+ U

∂∇2ψ′

∂x
+
∂Z

∂y

∂ψ′

∂x
= 0 (2.15)

It is possible to seek for harmonic solutions in the horizontal direction, while the dipen-
dence from the vertical direction has to be arbitrary.
The solution can be written in the form

ψ′ = Re
[
ψ̃ (y) eik(x−ct)

]
(2.16)

Since the problem is linear, it is possible to consider each wavenumber separately.
If the parameter c is real(Im(c) = 0), it represents the wave phase speed, while if Im(c) > 0
the wave grows exponentially and is, therefore, unstable.
Using equations 2.14 and 2.16 the following set is obtained

u′ = ũ (y) eik(x−ct) = −∂ψ̃
∂y

eik(x−ct)

v′ = ṽ (y) eik(x−ct) = ikψ̃eik(x−ct)

~ξ′ = ~̃ξ (y) eik(x−ct) =

(
−k2ψ̃ +

∂2ψ̃

∂y2

)
eik(x−ct)

(2.17)

Using this set of equations in the linearized vorticity equation (2.12) brings to the
Rayleigh’s equation

(U − c)

(
∂2ψ̃

∂y2
− k2ψ̃

)
− ∂2U

∂y2
ψ̃ = 0 (2.18)

which, in presence of a β-plane approximation , that is the approximation in which the
Coriolis parameter( 2Ωsinφ, where Ω is the rotation rate of the Earth and φ the latitude)
varies linearly in space, is generalized as

(U − c)

(
∂2ψ̃

∂y2
− k2ψ̃

)
+

(
β − ∂2U

∂y2
ψ̃

)
= 0 (2.19)

2.1.3 Rayleigh’s equation: piecewise linear flows

Rayleigh’s equation is difficult to solve analytically for a profile that varies smoothly, so it
is simpler to consider flows in which ∂U

∂y is constant in some interval, and changing to at a
line of dicontinuity, called piecewise linear flows.
What is necessary is to solve equation (2.12) separately in the continuous intervals, trying
to match the solution with that from contiguous areas.
The conditions that must be satisfied to make solutions match are

9



2 – Barotropic and Baroclinic Instabilities

• Continuity of normal stress through interface → the pressure must be continuous
across the interface if the fluid is inviscid

• Consistence of normal velocity of the fluid on the sides of interface with the motion
of the interface itself

The first condition implies that the linearized momentum equation, in the direction
along the interface, responds to

∂u′

∂t
+ U

∂u′

∂x
+ v′

∂U

∂y
= −∂p

′

∂x
(2.20)

If the modes are normal, u′ = −∂ψ̃
∂y e

ik(x−ct) v′ = ikψ̃eik(x−ct) p′ = p̃eik(x−ct), then
the above equation becames

ik (U − c) ∂ψ̃
∂y
− ikψ̃ ∂U

∂y
= −ikp̃ (2.21)

where k is the wavenumber and c the fluid velocity. Since the pressure is continuous
along the interface, the first matching condition is

∆

[
(U − c) ∂ψ̃

∂y
− ψ̃ ∂U

∂y

]
= 0 (2.22)

which means, since ∆ implies the difference at the interface, that
[
(U − c) ∂ψ̃∂y − ψ̃

∂U
∂y

]
is continuous.
The same result could have been obtained integrating across the surface the Rayleigh’s
equation written in the form (where the subscript is intended as a derivative)[

(U − c) ψ̃y − ψ̃Uy
]
y

+
[
β − k2 (U − c)

]
ψ̃ = 0 (2.23)

The second contition implies that at the interface, the normal velocity v comes from

v =
Dη

Dt
(2.24)

that is the kinematic condition, where η is the displacement of the interface.
The condition can be written in a linear form

∂η′

∂t
+ U

∂η′

∂x
=
∂ψ′

∂x
(2.25)

Since the fluid is continuous this equation mut be valid in both sides of the interface

η′t + U1η
′
x =

∂ψ′1
∂x

→ (U1 − c) η̃ = ψ̃1

η′t + U2η
′
x =

∂ψ′2
∂x

→ (U2 − c) η̃ = ψ̃2

(2.26)

10



2 – Barotropic and Baroclinic Instabilities

The second matching condition is then

∆

[
ψ̃

U − c

]
= 0 (2.27)

that means
[

ψ̃
U−c

]
must be continuous at the interface.

2.1.4 Rayleigh’s equation: solution to Kelvin-Helmotz instability

Except for a small layer around y = 0 the vorticity is null everywhere. That means that
Rayleigh’s equation is, indicating with pedice i the components (x,y):

(Ui − c)

(
∂2ψ̃i
∂y2

− k2ψ̃i = 0

)
i = 1,2 (2.28)

If Ui /= c, the solutions that decay away in both side of the interfaces are

ψ̃1 = Ψ1e
−ky y > 0

ψ̃2 = Ψ2e
ky y < 0

(2.29)

with Ψ1 and Ψ2 constant.
The first matching condition (equation 2.22) gives

(U1 − c) (−k) Ψ1 = (U2 − c) kΨ2 (2.30)

and the second (equation 2.27) gives

Ψ1

(U1 − c)
=

Ψ2

(U2 − c)
(2.31)

Combining the two equations, supposed that U = U1 = U2, c2 = −U2 is obtained.
Being U real, c = ±iU , and the perturbation grows exponentially ∼ ekUit, that is the same
result obtained for the Kelvin-Helmotz instability.

2.1.5 Conditions for barotropic instability: Rayleigh’s criterion

For continuous profiles of U(y) is usually really hard to calculate the instability properties.
To overcome the problem is useful then to have some rules to determine when a profile
could be instable. Rayleigh’s criterion is one of those necessary condition.
Writing the Rayleigh’s equation (2.18) as

ψ̃yy − k2ψ̃ +
β − Uyy
U − c

ψ̃ (2.32)

11



2 – Barotropic and Baroclinic Instabilities

using the double subscript as a notation for a double derivative. Multiplying for the
complex conjugate of ψ that is ψ∗ and integrating over the interested domain, assuming
that ψ̃ → 0 when y → y1,2

y2∫
y1

∣∣∣∣∣∂ψ̃∂y
∣∣∣∣∣
2

+ k2
∣∣∣ψ̃∣∣∣2

 dy −
y2∫
y1

β − Uyy
U − c

∣∣∣ψ̃∣∣∣2dy = 0 (2.33)

c is the only complex variable, which means that the first integral is real. The imaginary
part of the second integral is

ci

∫
β − Uyy
|U − c|2

∣∣∣ψ̃∣∣∣2dy = 0 (2.34)

That means that ci or the integral are zero, and for it to be an instability it is necessary
to have ci /= 0.

That brings to

Theorem 1 (Rayleigh’s criterion). A necessary condition for instability is that β − Uyy
change sign somewhere in the domain

That is equivalent to

Theorem 2 (Rayleigh’s inflection point). A sufficient criterion for stability is that β−Uyy
does not vanish in the domain interior

It is possible to generalize the derivation considering the linearized vorticity equation
for a parallel shear flow(equation 2.12) with the β term

∂~ξ′

∂t
+ U

∂~ξ′

∂x
+ v′

(
∂Z

∂y
+ β

)
(2.35)

Dropping the primes in the notation for perturbation, multiplying for ~ξ and dividing
by β + Zy

∂

∂t

(
ξ2

β + Zy

)
+

U

β + Zy

∂ξ2

∂x
+ 2v~ξ = 0 (2.36)

Integrating respect to x

∂

∂t

∫ (
ξ2

β + Zy

)
dx = −2

∫
v~ξdx (2.37)

and using ~∇ · ~u = 0, the vorticity flux can be written as

v~ξ = − ∂

∂y
(uv) +

1

2

∂

∂x

(
v2 − u2

)
(2.38)

12



2 – Barotropic and Baroclinic Instabilities

which means that the flux of vorticity is the divergence of some quantity and that its
integral vanishes if there are no contributions from the boundary.
Integrating equation (2.37) respect to y too

d

dt

∫ (
ξ2

β + Zy

)
dxdy = 0 (2.39)

but to be an instability ~ξ must grow: that is possible only if β + Zy ≡ β − Uyy = 0
somewhere in the domain, which proves theorem 1
This derivation is valid even if the perturbations are not of a normal-mode form.

2.1.6 Conditions for barotropic instability: Fjørtoft’s criterion

From the real part of equation (2.33)

y2∫
y1

∣∣∣∣∣∂ψ̃∂y
∣∣∣∣∣
2

+ k2
∣∣∣ψ̃∣∣∣2

 dy =

y2∫
y1

β − Uyy
U − cr
|U − c|2

∣∣∣ψ̃∣∣∣2dy > 0 (2.40)

To have an instability is needed, from equation (2.34), that

y2∫
y1

β − Uyy
|U − c|2

∣∣∣ψ̃∣∣∣2dy = 0 (2.41)

Combining the two equation together, for an instability is necessary that

y2∫
y1

β − Uyy
U − Us
|U − c|2

∣∣∣ψ̃∣∣∣2dy > 0, Us = constant ∈ R (2.42)

That makes it possible to express

Theorem 3 (Fjørtoft’s criterion). A necessary condition for instability is that
(β − Uyy) (U − Us), Us = U (y) at which β−Uyy = 0 is positive somewhere in the domain.

13



2 – Barotropic and Baroclinic Instabilities

2.2 Baroclinic instability

Baroclinic isntability arises in rotating fluids that are stably stratified. On first aproxima-
tion, even if the fluid is stable, it is able to release potential energy when particles move
through a sloping path.
If a fluid is stably stratified, potential energy, as defined in equation 2.43, decreases with
height. If the fluid is rotating, the temperature decreases poleward and the potential den-
sity increases, since the temperature gradient implies a pressure gradient. This pressure
gradient is usually balanced by Coriolis forces and balance is kept even in the absence of
viscosity.
Considering a stratified fluid in

• Bousinnesq approximation: fluctuation in density values are negligible

• Geostrophic balance: frictional effects are neglected

• Hydrostatic balance: gravity is balanced by the pressure gradient force

• F-plane approximation: Coriolis parameter f is considered constant

and bouyance decreasing uniformly poleward and combining
geostrophic wind fu = −∂Φ

∂y and bouyancy ∂Φ
∂z = b, where b = −g δρρo , the thermal wind

relation ∂u
∂z = ∂b

∂y is obtained.
Consider the density structure shown in figure 2.4.

Figure 2.4: Credits to G. Vallis[42] for the image

and suppose particle A is displaced upwards, being the fluid stable stratified, the par-
ticle will be more dense than the sorroundings and there will be a force directed downward
to restore the equilibrium. The same happens, although the force will be directed upwise,
if particle A is displaced downside.
Supposing to exchange places between particle A and B, particle A is sorrounded by an en-
viroment which is more dense than it is, and therefore is bouyant, and in a higher position
than it’s starting one; particle B instead is more dense than its sorrounding enviroment

14



2 – Barotropic and Baroclinic Instabilities

and therefore will be forced to a lower position than its starting one. Overall the fluid
has its center of gravity lowered and thus a loss of potential energy, that is followed by a
gain in the perturbation kinetic energy. That means that the perturbation amplifies and
converts potential energy in kinetic energy.
This loss of potential energy(calling V the potential energy) can be calculated as

V =

∫
ρgdz (2.43)

then the exchange of potential energy is

∆V = g (ρAzB + ρBzB − ρAzB − ρBzA) = g (zA − zB) (ρA − ρB) = g∆ρ∆z (2.44)

If both ρB > ρA and zB > zA → ∆V > 0, then energy is released and there is
instability.

Calling the slope of the isopycnal Φ = −∂ρ
∂y

(
∂ρ
∂z

)−1
and the slope of the displacement α,

having an horizontal displacement of L, and α and Φ are small, using Taylor expansion for
∆ and trigonometrical considerations, equation 2.44 can be expressed as:

∆V = g∆ρ∆z = g

(
L
∂ρ

∂y
+ Lα

∂ρ

∂z

)
αL = gL2α

∂ρ

∂y

(
1− α

Φ

)
(2.45)

if 0 < α < Φ there is energy release by the perturbation, that is maximized if α = Φ
2 .

2.2.1 Linearized quasi-geostrophic equations

To describe the dynamics of baroclinic instability it is needed to use the quasi-geostrophic
equations for a Bousinnesque fluid: the potential vorticity equation for the fluid interior

∂q

∂t
+ ~u · ∇q = 0 0 < z < H

q = ∇2ψ + βy +
∂

∂z

(
f2

0

N2

∂ψ

∂z

) (2.46)

and the bouyancy equation with w = 0

∂b

∂t
+ ~u · ∇b = 0 z = 0.H

b = f0
∂ψ

∂z

(2.47)

The solution of these equations is a purely zonal flow ~u = U (y, z)~i with a corresponding
temperature field from the thermal wind balance.

15



2 – Barotropic and Baroclinic Instabilities

Potential vorticity can be expressed as (writing F =
f20
N2 , and considering Ψ that satisfies

U = ∂Ψ
∂y a stramfunction of the base state)

Q = βy − ∂U

∂y
+

∂

∂z
F
∂Ψ

∂z
= βy +

∂2Ψ

∂y2
+

∂

∂z
F
∂Ψ

∂z
(2.48)

It is now possible to linearize with this zonal flow the potential vorticity equation

∂q′

∂t
+ U

∂q′

∂x
+ v′

∂Q

∂y
= 0 0 < z < H

q′ = ∇2ψ′ +
∂

∂z

(
F
∂ψ′

∂z

)
, v′ =

∂ψ′

∂x

(2.49)

and the bouyancy equation

∂b′

∂t
+ U

∂b′

∂x
+ v′

∂B

∂y
= 0 z = 0, H

b′ = f0
∂ψ′

∂z
,

∂B

∂y
= −f0

∂U

∂z

(2.50)

Since the coefficients for the linearized potential vorticity equation (2.49) and bouyancy
equation (2.50) are only functions of y and z, the normal mode solution is of the form

ψ′ (x, y, z, t) = Re
[
ψ̃ (y, z) eik(x−ct)

]
(2.51)

and so on for quantities u’,v’,b’ and q’. Particular useful is

q̃ =
∂2ψ̃

∂y2
+

∂

∂z

(
F
∂ψ̃

∂z

)
− k2ψ̃ (2.52)

Using the last two equations in equations (2.49) and (2.50)

(U − c)
(
ψ̃yy +

(
Fψ̃z

)
z
− k2ψ̃

)
+Qyψ̃ = 0, 0 < z < H

(U − c) ψ̃z − Uzψ̃ = 0, z = 0, H

(2.53)

That are the analogous to Rayleigh’s equations for parallel shear flow.

2.2.2 Conditions for baroclinic instability: CSP condition

Necessary conditions for baroclinic instabilities are obtained in the same way as conditions
for parallel shear flow. Using equations (2.53), multiplying them for ψ̃∗ (ψ̃ complex conju-
gate) and integrating them on domain.
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2 – Barotropic and Baroclinic Instabilities

Integrating by parts

y2∫
y1

ψ̃∗ψ̃yydy =
[
ψ̃∗ψ̃y

]y2
y1
−

y2∫
y1

∣∣∣ψ̃y∣∣∣2dy (2.54)

The first term of the second member is null if the integral is performed between two
quiescent latitude.
In the same way

H∫
0

ψ̃∗
(
Fψ̃z

)
z
dz =

[
Fψ̃∗ψ̃z

]H
0
−

H∫
0

F
∣∣∣ψ̃z∣∣∣2dz

=

FUz
∣∣∣ψ̃∣∣∣2

(U − c)


H

0

−
H∫

0

F
∣∣∣ψ̃z∣∣∣2dz

(2.55)

Using (2.54) and (2.55) and integrating over y and z the first equation of (2.53) multi-
plied for ψ̃∗

H∫
0

y2∫
y1

[∣∣∣ψ̃y∣∣∣2 + F
∣∣∣ψ̃z∣∣∣2 + k2

∣∣∣ψ̃∣∣∣2] dydz− y2∫
y1

{
H∫

0

Qy
U − c

∣∣∣ψ̃∣∣∣2dz+

FUz
∣∣∣ψ̃∣∣∣2

|U − c|2


H

0

}dy = 0 (2.56)

The first term is purely real, while the second one is complex, with a complex part that
is

−c1

y2∫
y1

{
H∫

0

Qy
U − c

∣∣∣ψ̃∣∣∣2dz +

FUz
∣∣∣ψ̃∣∣∣2

|U − c|2


H

0

}dy = 0 (2.57)

As per the parallel shear flow, to have an instability it is needed that c1 /= 0, which
means that the integrand has to be null. That gives the Charney-Stern-Pedlosky
instability condition

Theorem 4 (CSP condition). To have a baroclinic instability one of the following criteria
must be satisfied:

• Qy changes sign in the interior

• Qy is the opposite sign to Uz at z = H

• Qy is the same sign to Uz at z = 0

• Uz is the same sign at the upper and lower boundaries if Qy = 0.

17



Chapter 3

Similarity Theory

The Similarity Theory is used in many fields of natural and engineering sciences, where its
considerations are usually used for generalization of results.
The similarity relationships used for the field of geometry (i.e. similar triangles, quadran-
gles), can be transferred to physics and used to obtain indirect solutions to problems.
For dynamic similarity of fluid motions is necessary, in general, the existence of kinematic
similarity. In addition a further prerequisite is geometric similarity and the presence of
similar boundary conditions.

In similarity considerations, only quantities with the same physical units can be con-
sidered.
The dimensionless proportionality factors of different terms of a physical equation are ob-
tained dividing all terms by one term in the equation. Physical process of all kinds can
then be categorized as similar only when the corresponding dimensionless characteristic
numbers, that define the problem, are equal. Given those conditions, the concept of simi-
larity can be applied to physical processes. When a certain relationship applies to different
kind of phenomena, it is possible to talk about analogy between the processes, but not
similarity.
Using the characteristic numbers it is then possible to generalize the solution obtained for
specific flow problems as a generally valid solution for similar flows.
In fluid dynamic, in order to guarantee similarities, different dimensionless numbers are
used and divided into four groups.

1. Similarity of molecular transport processes

2. Similarity of flow processes

3. Similarity of heat transfer processes

4. Similarity of integral quantities of heat and mass transfer

The dimensionless numbers that will be derived later in this chapter for the purpose
of showing how the similarity theory is used in experimental physics are for molecular
transport process the Prandtl number(ratio between momentum diffusivity and thermal
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3 – Similarity Theory

Figure 3.1: Dimensions and units of some fluid dynamic quantities

diffusivity), for flow process the Reynold number(ratio between inertial forces and viscous
forces), the Froude number(ratio between inertial forces and gravitational forces), the
Euler number(ratio between the fluid pressure forces and kinetic energy) and Strouhal
number(ratio between local acceleration forces and spatial acceleration forces), lastly for
heat transfer process the Peclet(ratio between convection and conduction heat transfer in
a fluid ) and Eckert(ratio between a fluid kinetic energy and its enthalpy ) numbers.
Quantities that will not be directly defined during derivation are explained in figure 3.1.

3.1 Dimensional Analysis and the Buckingam’s Theorem

The tractation of Buckingam’s Theorem follows the one exposed by E. Ferrero [11].
Dimensional analysis is a valid method to recognize the information structure in the re-
lationships between physical quantities. In quantitative natural science the descriptive
quantities have dimensions and can be divided correspondingly into basic quantities and
derived quantities. In the framework of fluid mechanics, one could regard length, time and
mass as (dimensional) basic quantities and, e.g. area, volume, velocity, acceleration, pres-
sure (or shear stresses), energy, density and (dynamic and kinematic) viscosity, in relation
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3 – Similarity Theory

to them, as derived quantities. This classification has important consequence: the units
in which the basic quantities are measured can be chosen independently, and those of the
dependent quantities are determined by this choice.
The rule says that modifications of the units of basic quantities must be reflected by a
change in the units of derived quantities.
Each physics quantity is characterized by its unit and a numerical value: when the unit is
modified by a factor of a, then the numerical value must be modified by its inverse a−1.
We can express the previous rule as

. The relationships are invariant towards all changes of units, i.e. changes of scales of the
basic quantities, although the quantities appearing individually in them possess units, i.e.
scales.

The formal objective of dimensional analysis is

. The scale-invariant relationships between scale-possessing physical quantities can be rep-
resented in the form of relationships between scale-invariant quantities.

while its direct objective is to develop the methodology for determining from a given
relation the number and the form of the scale invariant quantities, called characteristic
numbers. The practical use of dimensional analysis lies in the possibility of scale transfer.
Thus dimensional analysis can also be considered as scaling of the numerical values of fixed
units as an instrument for scale transfer.
When a physical relation can’t be expressed as a differential equation, the method above
cannot be used and, in order to determine a set of characteristic numbers to describe the
physical problem, is necessary to use the Buckingam’s Theorems.

Theorem 5 (1st Buckingam’s π Theorem). A relationship between m variables (physical
properties such as velocity, density etc.) can be expressed as a relationship between m-
n non-dimensional groups of variables (called π groups), where n is the number of base
quantities (such as mass, length and time) required to express the variables.

Theorem 6 (2nd Buckingam’s π Theorem). Each π group is a function of n governing or
repeating variables plus one of the remaining variables.

That means that, given a dimensionless combination Π of the dependent variable x, it
can be expressed as a function of (n-k) dimensionless combinations Πi of the independent
variables, being n the number of x dependency quantities and k the maximum number
of dimension-independent quantities. The value of k is the rank of the dimensional ma-
trix. That matrix is built with the base quantities as rows and the physical independent
quantities as columns. The elements of the matrix will be the exponent of each physical
quantities related to the independent variables (i.e. for a Volume there will be an exponent
of 3 for length and null for each other base quantities).
If we suppose that a physical phenomena is described by the law

x = f(a1, ..., an) (3.1)

20



3 – Similarity Theory

for Buckingam’s theorems, we may rewrite the relationship as

Π = f(Π1, ...,Πn−k) (3.2)

where Πi are monomials called characteristic indexes, that are dimensionless by power
combinations of a1, ..., ak

Π =
x

al11 , ...a
lk
k

,Π1 =
k + 1

am1
1 , ...amkk

(3.3)

The equation (3.2) is said reduced and the index Π,Π1,Πn−k are said unknown variable
and reduced quantities respectively.
Considering two different physical phenomena, characterized by (a1, ..., an) and (a′1, ..., a

′
n),

the similarity conditions are obtained equating the index Π1 = Π′1, ....,Π
′
n−k = Πn−k. If

the number n is less or equal to k, the phenomena are manteined for every change of
units, since the are no characteristic indexes. When k<n, we can define the dimensionless
parameters Πi with i = 1, ..., n−k that are called characteristic numbers. The conservation
of those numbers assures the similarity for physics models.

3.2 Dimensionless form of the Motion Differential Equations

The following sections use the derivation proposed by F. Durst [8].
The set of transport equation for Newtonian fluds can be summarized as:

• Continuity equation
∂ρ

∂t
+
∂ρUi
∂xi

= 0 (3.4)

• State equations:
P

ρ
= RT (ideal gas) (3.5)

• Momentum equations (j=1,2,3)

ρ

(
∂Uj
∂t

+ Ui
∂Uj
∂xi

)
= − ∂P

∂xi
+

∂

∂xi

[
µ

(
∂Uj
∂xi

+
∂Ui
∂xj

)
− 2

3
δijµ

∂Uk
∂xk

]
+ ρgj (3.6)

with P the pressure and µ the dynamic viscosity. With ρ constant and µ constant
becomes

ρ

(
∂Uj
∂t

+ Ui
∂Uj
∂xi

)
= − ∂P

∂xj
+ µ

∂2Uj
∂x2

i

+ ρgj (3.7)

• Energy equation for ρ = constant and µ = constant, withT the

ρcp

(
∂T

∂t
+ Ui

∂T

∂xi

)
= −λ∂

2T

∂x2
i

+ µΦµ (3.8)
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where

Φµ =2

[(
∂U1

∂x1

)2

+

(
∂U2

∂x2

)2

+

(
∂U3

∂x3

)2
]

+

[(
∂U1

∂x2
+
∂U2

∂x1

)2

+

(
∂U2

∂x3
+
∂U3

∂x2

)2

+

(
∂U3

∂x1
+
∂U1

∂x3

)2
] (3.9)

and ρ constant for ideal liquids.
Similarity considerations can be introduced in various ways, depending on the problem or
the solution sought.
In similarity analysis, the boundary conditions required by the set of equation must follow
strict requirements such as geometric similarity of boundaries for similar solutions of the
equations, dynamic similarity for flow similarity field as explained above.
Moreover with the locally formulated energy equation, there is all the information needed
to give the condition for caloric similarity for heat transfer problems.
That is itself a prerequisite for thermal similarity.
Using the state equation it is also possible to derive the conditions required to transfer the
temperature field from a gas flow to a liquid flow.
To rewrite those equations in a dimensionless form, it is useful to introduce the so-called
"characteristic quantities" noted with the subscript c.

Uj = UcU
∗
j ; t = tct

∗; ρ = ρcρ
∗; P = ∆PcP

∗

and so on, where the quantities marked with * are dimensionless.
Inserting those dimensionless quantities in the continuity equation (3.4)

∂ρ

∂t
+
∂(ρUi)

∂xi
=
ρc
tc

+
∂ρ∗

∂t∗
+
ρcUc
Lc

+
∂(ρ∗U∗i )

∂x∗i
(3.10)

which, with some algebra, results in

Lc
tcUc

∂ρ∗

∂t∗
+
∂(ρ∗U∗i )

∂x∗i
= St

∂ρ∗

∂t∗
+
∂(ρ∗U∗i )

∂x∗i
= 0 (3.11)

that makes it clear that similar solutions can follow from continuity equations when
the Strouhal numbers

(
Lc
tcUc

)
for two flow problems are equal.

In the same way, for the momentum equation (3.7)

ρcρ
∗
(
Uc
tc

∂U∗j
∂t∗

+
U2
c

∂LcU∗i

∂U∗j
∂x∗i

)
= −∆Pc

Lc

∂P ∗

∂x∗j
− τc
Lc

∂τ∗ij
∂x∗i

+ ρcgcρ
∗g∗j (3.12)

that in dimensionless form, dividing everything by ρcU2
c

Lc , is written

ρ∗
(
St
∂U∗j
∂t∗

+ U∗i
∂U∗j
∂x∗i

)
= −Eu∂P

∗

∂x∗j
− 1

Re

∂τ∗ij
∂x∗i

+
ρ∗g∗j
Fr

(3.13)
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The set of dimensionless continuity and momentum equation defines four dimensionless
characteristic numbers for flow problems:

St =
Lc
tcUc

Eu =
∆Pc
ρcU2

c

Re =
ρcU

2
c

τc

Fr =
Uc√
gcLc

(3.14)

Considering the relationship for momentum transport of a Newtonian fluid

τij = −µ
(
∂Uj
∂xi

+
∂Ui
∂xj

)
+

2

3
µδij

∂Uk
∂xk

(3.15)

using dimensionless quantities

τcLc
µcUc

τ∗ij = −µ∗
(
∂U∗j
∂x∗i

+
∂U∗i
∂x∗j

)
+

2

3
µ∗δij

∂U∗k
∂x∗k

(3.16)

setting τc = µcUc
Lc

and using the relationship νc = µc
ρc

the Reynolds number Re = UcLc
νc

is
obtained.
Extending the reasoning to the energy equation

St
∂T ∗

∂t∗
+ U∗i

∂T ∗

∂x∗i
=

1

Pe

∂

∂x∗i

[
λ∗
(
∂T ∗

∂x∗i

)]
+ Ec

(
St
∂P ∗

∂t∗
+ U∗i

∂P ∗

∂xi
+

Φ∗

Re

)
(3.17)

the folliwing dimensionless numbers are obtained

Pr =
νc
ac

=
µc(cp)c
λc

Pe =
UcLc
ac

Ec =
U2
c

(cp)c(∆T )
, ∆T = Tc − T∞

(3.18)

3.3 Considerations with Geometric and Kinematic Similari-
ties

Considering the diagram in figure 3.2, the geometric similarity requires the ratio of geo-
metric dimension to be constant

dA
dB

=
DA

DB
=
hA
hB

=
ξ1

x1
= constant (3.19)
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Figure 3.2: Diagram for similarity considerations.
Credits to F.Durst for the image[8]

Considering as characteristic linear measures of the flow the heights lA = hA, lB = hB and
the characteristic flow velocities (Uc)A = (U1)A,(Uc)B = (U1)B, it is possible to write the
dimensionless momentum equation

ρ∗U∗i
∂U∗j
∂x∗i

= −Eu∂P
∗

∂x∗j
+

1

Re

∂

∂x∗i
µ∗
∂U∗j
∂x∗i

+
ρ∗g∗j
Fr

Eu =
∆P

ρcU2
c

; Re =
UcLc
ν

; Fr =
U2
c

Lcgc
.

(3.20)

That means that for large Froude numbers Fr2 = (U1)2

gh the last term of equation 3.20
can be neglected, thus resulting in a single dependency of all flow quantities on Reynold
number.
Since to have similar flows it is then expected that

∆PA
ρA(U1)2

A

=
∆PB

ρB(U1)2
B

;
(U1)AhA
νA

=
(U1)BhB

νB
;

(U1)2
A

ghA
=

(U1)2
B

ghB
(3.21)

if (Re)A = (Re)B, the differential pressure obtained in a section can be transferred to the
other

ξ1

hA
=
x1

hB
→ ∆PA

ρAU2
A

=
∆PB
ρBU2

B

(3.22)

for the velocity profile measured in the two sections

ξ1

hA
=
x1

hB
→

[
U1

(
ξ2
hA

)]
(U1)A

=

[
U1

(
x2
hB

)]
B

(U1)B
(3.23)

that means that the velocity profiles in the two sections are similar when they are measured
in corresponding position, and the measurement are taken with equal Reynolds numbers
in sections that are similar in geometric sense.
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3.4 Viscous Velocity, Time and Lenght Scales

When gravitational forces are not important, that is when Froude numbers are large, the
dimensionless momentum equation (3.13) can be written as

ρ∗
[
St
∂U∗j
∂t∗

+ U∗i
∂U∗j
∂x∗i

]
= −Eu∂P

∗

∂x∗j
− 1

Re

∂τ∗ij
∂xi∗

(3.24)

and completing with the molecular momentum transport equation (3.16)

Cτ∗ij = −µ∗
[
∂U∗j
∂x∗i

+
∂U∗i
∂x∗j

]
+

2

3
µ∗δij

∂U∗k
∂x∗k

(3.25)

it is possible to obtain the dependence of the solution by the following dimensionless
numbers

St =
Lc
tcUc

Re =
U2
c ρc
τc

Eu =
∆Pc

(ρcU2
c )

C =
Lcτc
µcUc

, Shear number

(3.26)

There is uniform solutions for fluid mechanics equations also if dimensionless numbers are
equal to 1, for example:

Re = 1→ Uc =

√
τc
ρc

Eu = 1→ ∆Pc = τc

St = C = 1→ tc =
µc
τc

=
νc
U2
c

Lc = tcUc =
νc
Uc

(3.27)

This means that fluid flows with different flow geometries can be grouped in a uniform
representation. That way the characteristic flow properties can be described by a set of
differential equation that are free of dimensionless numbers

• continuity equation
∂ρ∗

∂t∗
+
∂(ρ∗U∗i )

∂x∗i
= 0 (3.28)

• momentum equation (j=1,2,3)

ρ∗
(
∂U∗j
∂t∗

+ U∗i
∂U∗j
∂x∗i

)
= −∂P

∗

∂x∗j
−
∂τ∗ij
∂x∗i

(3.29)
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• molecular momentum transport

τ∗ij − µ∗
(
∂U∗j
∂t∗

+ U∗i
∂U∗j
∂x∗i

)
+

2

3
µ∗δij

∂U∗k
∂x∗k

(3.30)

For this representation velocity gradients are controlled by characteristic viscous velocity,
time and length scales

uτ =

√
τc
ρc

tτ =
νc
u2
τ

Lτ =
νc
uτ

(3.31)

Application Scaling the Boundary Layer - The Ekman Layer

This application follows the one proposed by C. Bretherton [4].
In general, the Boundary Layer depth h and turbulence profile depend on many factors,
including history, stability, baroclinicity, clouds, presence of a capping inversion. Hence
universal formulas for the velocity and thermodynamic profiles above the surface layer are
rarely applicable.
An interesting case where this applies is a steady-state, neutral, barotropic Boundary Layer,
that is the turbolent analogue to a laminar Ekman Layer. The main scaling parameters are
ugeo = |~ug| (~ug is the geostrophic wind), f (the Coriolis parameter) and z0 as vertical scale.
From those quantities we can get the independent dimensionless surface Rossby Number
Ros =

ugeo
fz0

.
The friction velocity has the form

u∗

ugeo
= F (Ros) (3.32)

that can be considered as a control parameter in place of Ros.
The steady-state Boundary Layer momentum equations are

f(u− ug) = − d

dz
v′w′

f(v − vg) =
d

dz
u′w′

(3.33)

The geostrophic wind is oriented in the x direction, and is independent of height due
to barotropic assumption. Height is nomalized by δ = u∗

f .
In the thin surface layer, the wind increases logarithmically from z = 0.02δ without ap-
preciable turning, then is turned at 20° by geostrophic wind.

The wind profile qualitatively resambles an Ekman Layer except more of the wind shear
is compressed into the surface layer.
Going up through the boundary layer, the magnitude of the momentum flux will decrease

26



3 – Similarity Theory

(a) wind profile (b) wind hodograph - dashed=Ekman Layer

Figure 3.3: Credits to C. Bretherton[4] for the images

from u∗2 in the surface layer to near zero at the top, so throughout the Boundary Layer,
the momentum flux will be O(u∗2), and the turbulent velocity perturbations u′, w′ should
scale with u∗ to be consistent with this momentum flux.
Assuming that the Boundary Layer depth scales with δ = u∗

f , a nondimensionalization of
the steady state Boundary Layer momentum equations (3.33) can be made

u− ug
u∗

= −
d(v

′w′

u2∗
)

d( zδ )

v − vg
u∗

= −
d(u

′w′

u2∗
)

d( zδ )

(3.34)

Adopting a coordinate system in which the x assis is in the direction of the surface-layer
wind, the boundary condition for the momentum flux are

if
z

δ
→ 0⇒ u′w′

u2
∗
→ 1,

u′w′

u2
∗
→ 0

if
z

δ
→ 0⇒ u′w′

u2
∗
→ 0,

u′w′

u2
∗
→ 0

(3.35)

Assuming the dependency of momentum flux only on wind shear and height, there is
consistency with the universal velocity defect laws that are

u− ug
u∗

= Fx(
z

δ
)

v − vg
u∗

= Fy(
z

δ
)

(3.36)

and in the same way for momentum flux, scaled by u∗2.
In the surface layer, these universal functions cease to apply and the logarithmic wind
profile u(z) = u∗

k ln( zz0 ), v(z) = 0 must match onto the defect laws. In particular, this
means that Fy(0) = − vg

u∗ , (i.e. vg ≈ −5u∗). From the overall geostrophic wind magnitude
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G, the surface wind turning angle α can be deduced:

α ≈ sin−1

(
5u∗

ugeo

)
. (3.37)
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Chapter 4

Particle Image Velocimetry Analysis

All the informations and derivation for Particle Image Velocimetry analysis follow the ones
exposed by M. Raffel [36]

4.1 Princples of Particle Image Velocimetry (PIV)

The experimental set-up for a PIV experiment usually consists of different subsystems.
Studying a fluid, the first thing to do is to add solid tracers. The particles, when illu-
minated by a laser sheet, scatter the light that is recorded either on a single frame or a
sequence of frames. The displacement of the particles over the time has to be determined
through evaluation of the recordings. To be able to handle the great amount of images and
retrieve physical informations by camera, a sophisticated post-processing is required. For
evaluation, the recordings are divided in small sub-area called "interrogation areas". The
local displacement vector is determined for each interrogation area by statistical methods
(auto or cross correlation).
A common set-up for PIV can be seen in figure 4.1.
The assumption that is made is that each particle in the interrogation area has moved
homogeneously between two different recordings performed at the right time. The process
of interrogation is then repeated for each interrogation areas of the PIV recordings. A
digital camera is usually used to record the different images, after having carefully chosen
the acquisition rates, depending on the actual problem that is going to be studied. Those
images are in pixel units (that means that, to convert them to physical units, a calibration
will be needed), and in greyscale(usually 12-bit). Some characteristic of the PIV technique
are the following:

• Non intrusive velocity measurement
In contrast of measurement techniques that employ probes, the PIV, being an optical
technique, works in a non intrusive way that allow application of this technique in
high speed flows where the flow may be disturbed by the presence of the probes.

• Indirect velocity measurement
The PIV measures the velocity of a fluid element by measurement of the velocity of
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Figure 4.1: Experimental set-up for PIV analysis in a wind tunnel.
Credits to M. Raffel[36] for the image

suitable tracer particles within the flow.

• Whole field technique
PIV is a technique that allows to record images of large part of flow fields, depending
on the experimental set-up, in a variety of applications in gas and liquid media.

• Distribution of particles in the flow Qualitatively three different types of image

Figure 4.2: Three modes of particle density.
Credits to M. Raffel[36] for the image

density can be distinguished, as shown if figure 4.2. In the case of low density (figure
4.2a), the images of individual particles can be detected and images corresponding
to the same particle originating from different illuminations can be identified. Low
image density requires tracking methods for evaluation. Therefore, this situation
is referred to as “Particle Tracking Velocimetry”, abbreviated “PTV”. In the case
of medium image density (figure 4.2b), the images of individual particles can be
detected as well. Medium image density is required to apply the standard statistical
PIV evaluation techniques. In the case of high image density (figure 4.2c), it is not
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even possible to detect individual images as they overlap in most cases and form
speckles. This situation is called “Laser Speckle Velocimetry” (LSV).

• Spatial resolution
The size of the interrogation areas during evaluation must be small enough for the
velocity gradients not to have significant influence on the results. Furthermore, it
determines the number of independent velocity vectors and therefore the maximum
spatial resolution of the velocity map which can be obtained at a given spatial reso-
lution of the sensor employed for recording.

• Temporal resolution
Most PIV systems allow to record with high spatial resolution, but at relative low
frame rates. However, the recent development of high-speed lasers and cameras allows
time resolved measurements of most liquid and low-speed aerodynamic flows.

• Repeatibility of evaluation
In PIV, full information about the flow velocity field is stored at recording time at
a very early stage of data reduction. This results in the interesting feature that PIV
recordings can easily be exchanged for evaluation and post-processing with other
recordings obtained employing different techniques. The information about the flow
velocity field completely contained in the PIV recording can be exploited later on in
quite a different way from that for which it had originally been planned without the
need to repeat the experiment.

4.2 Particle Tracers

The PIV technique is based on the direct determination of the two fundamental dimensions
of the velocity: length and time. The technique is also indirect as it determines the particle
velocity instead of the fluid one. The fluid mechanical properties must be examined in order
to avoid discrepancies between fluid and particles motion.

4.2.1 Fluid Mechanical Properties

A primary source of error in PIV measurements is the influence of gravitational forces
when the densities of the fluid ρ and of the tracer particles ρp are different. Usually it
can be neglected in many practical situations. It’s possible to derive the gravitationally
induced velocity ~Ug anyway from Stokes’ drag law to introduce the particle’s behavior
under acceleration.
Assuming spherical particles in a viscous fluid with a very low Reynolds number, calling
dp the particle diameter:

~Ug = d2
p~g

(ρp − ρ)

18µ
(4.1)

In the same way it is possible to estimate the velocity lag(~Us) of a particle in a continously
accelerated fluid, expressing the velocity of the fluid as in equation 4.1 The step response
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of the particle velocity usually follows an exponential law when ρp >> ρ

~Up(t) =~U

[
1− e−

(
t
τs

)]
τs =d2

p

ρp
18µ
≈ d2

ν

(4.2)

If the fluid acceleration is not constant or Stokes drag does not apply (e.g. at higher flow
velocities) the equations of the particle motion become more difficult to solve, and the
solution is no longer a simple exponential decay of the velocity, as can be seen in figure
4.3.

Figure 4.3: Time response of oil particles with different diameters in a decelerationg air flow.
Credits to M. Raffel[36] for the image

When applying PIV to liquid flows the problems of identifying particles with matching
densities are usually not severe, and solid particles with adequate fluid mechanical prop-
erties can often be found. Usually the optimal size, that depends from expected velocities,
the portion of the field recorded and the quality of the camera lenses, can be determined
before suspension into the liquid and will not change afterwards.
From equation (4.1) it can be seen that, due to the difference in density between the fluid
and the tracer particles, the diameter of the particles should be very small in order to
ensure good tracking of the fluid motion. On the other hand, the particle diameter should
not be too small as light scattering properties have also to be taken into account.

4.3 Seeding of the Particles in liquid

For most liquid flows, seeding can easily be done by suspending solid particles into the
fluid and mixing them in order to ensure a homogeneous distribution.
When decreasing the observation field size and increasing the optical resolution of the
investigation, the tracer particle diameters have obviously to be decreased also. In the
Rayleigh scattering regime, where the particle diameter dp << λ, the amount of light
scattered by a particle varies as d−6

p .
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4.4 Light Source: Lasers

Lasers are used in PIV for their ability to emit monochromatic light that can be bundled
into thin light sheets for illumination and recording purpose of the tracer particles without
aberrations.

Figure 4.4: Laser’s diagram.
Credits to M. Raffel[36] for the image

It is possible to divide the laser in three different components (as shown in figure 4.4):

• Laser Material
is composed of an atomic or molecular gas, semiconductor or solid material.

• Pump Source
Is used to excite the laser material using electro-magnetic or chemical energy

• Mirror Arrangement
The resonator that allows the oscillations within the laser material

Each atom can be brought into various energy states by three elementary kinds of inter-
action with electromagnetic radiation as shown in figure 4.5.

Figure 4.5: Energy level diagrams.
Credits to M. Raffel[36] for the image

• Spontaneous Emission
An excited atom at level E2 usually drops back to the state E1 after a very short,
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but not exactly defined period of time and emits the energy E2 − E1 = hν in the
form of a randomly directed photon .

• Absorption
An atom in the state E1 can receive the energy hν, becoming raised to E2 ; or
the incident photon can stimulate an atom in the excited E2 state into a specific,
non-spontaneous, transition to E1

• Stimulated Emission
When, in addition to the events of absorption, a second photon is emitted in phase
with the incident one

For large numbers of atoms, one of the two processes (absorption or stimulated emission)
predominates.
Since the laser can only operate if a population inversion is forced to take place (N2 > N1),
external energy has to be transferred to the laser material because atoms usually exist in
their basic state.
This is achieved by different pumping mechanisms depending on the kind of laser material.
As a consequence of population inversion through energy transfer by the pumping mech-
anism, spontaneous emission occurs in all directions which causes excitation of further
neighboring atoms. This initiates a rapid increase of stimulated emission and therefore
of radiation in a chain reaction. Within an optical resonator the laser material can be
arranged to form an oscillator. When a photon impinges randomly on one of the mirror
surfaces, it is reflected and amplified in the laser material again. This process will be re-
peated and generates an avalanche of light which increases exponentially with the number
of reflections, resulting in a stationary process. Standing waves are then produced by the
oscillator with a resonator length that correspond to the condition

L =
mλ

2n
(4.3)

where n is the refractive index, m an integer number and L the resonator length The
frequency ν according to the transition νh = E2 − E1 does not correspond to exactly one
wavelength, but rather to a spectrum of a certain band width (∆ν), depending on the
transition time τ of the process. These conditions can be fulfilled by different wavelengths
and the resonator can oscillate in many axial modes with distinct frequencies. Consecutive
modes are separated by a constant difference ∆ν = c

(2Ln) , where c is the light speed.
The cross-section of the laser beam can be divided into several ranges oscillating out of
phase with intermediate node lines which means that different transverse modes, that are
the electromagnetic field pattern misured in the perpendicular plane of the beam propaga-
tion direction, can exist. Their occurrence depends on the resonator design and alignment.

4.4.1 Frame Period and Contrast

Lower frame rates usually result in better image luminosity. Moreover the displacement of
the particles during the exposure time leads to a wider correlation curve that, by itself, may
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improve the measurement. The exposure time, however, must be sufficient short to avoid
streak effects that may lead to flat correlation curves and not well defined maximum. A
good compromise is usually to choose an exposure time that has a maximum displacement
of one pixel.
Luminosity and contrast are to be chosen to avoid saturation for minimum and maximum
luminosity. The background must be black and no reflection from the surface must be
visible, or there will be spurious correlation peaks for the CIV algorithm.

4.4.2 Burst and Time Lapses

The time lapse between two images must be sufficiently short so that the displacement
remains proportional to the local velocity and correlations are not lost. The majority
of the particles must not escape the laser sheet due to their velocity. If the time lapse
is too short there is a larger relative error in the displacement measurement. Tipically
displacements are of the order of 5− 10 pixels.
To optimize the time lapse, bursts of 3 − 4 images are recorded. It is possible to use any
pair of images in the set, so that the time lapse can be chosen, supposing a burst of four
images, among the three times t1, t2, t3 and their sums t1 + t2, t2 + t3, t1 + t2 + t3. In
figure 4.6 an example of bursts of multiple images. In the last years improvements in the

Figure 4.6: Time interval in bursts of 4 images (in units of s
15 ). a) allows a large range of

intervals, b) to compare intervals centered at the same time.
Credits to M. Raffel[36] for the image

hardware that let free-run acquisition, that permits a better, a posteriori, choice of the
time lapse, even if in most cases it has to be chosen before the experiment.

4.5 Particle Image Locations

PIV images are subdivided into interrogation areas(interrogation windows) for evaluation.
The geometrical back projection of those areas into the light sheet is called interrogation
volumes, as shown in figure 4.7. A single exposure recording, is a random distribution of
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Figure 4.7: PIV imaging.
Credits to M. Raffel[36] for the image

particle images corresponding to a pattern of N tracers particles inside the flow Γ =

(
X1
X2
.
.

XN

)
where Xi =

(
Xi
Yi
Zi

)
the position of a tracer particle i at time t.

Said x = ( xy ) the position vector on the plane, and M the magnification factor, Xi = xi
M

and Yi = yi
M (for a brief derivation and influence of the magnification factor, see section

4.8).

4.6 Correlation Image Velocimetry Implementation

As Correlation Image Velocimetry(CIV) is usually intended the implementation of PIV
that uses a direct cross-correlation, or covariance, method between image pairs that are
subdivided in small boxes. The displacement vector is obtained as the vector that deter-
mines the maximum of cross-correlation for each box.
The following paragraphs describe the physical and software properties of the system used
for CIV analysis in the Turlab (Turin Turbulence Laboratory) facility, that is an expanded
version of the free toolbox (UVMAT) supplied in the Coriolis facilities at Grenoble, where
the experiment was conducted.
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4.7 CIV Steps and Algorithm

4.7.1 Basic Algorithm - CIV Step

Pattern Box

The first thing that is necessary to set, for each couple of images that are used for the
analysis, is the elementary box, called pattern box, sizes Bx and By (as shown in figure
4.8), in which the correlations will be calculated along both directions x and y. The
minimum value for the box is the one that include at least 5 particles.

Figure 4.8: Example of a pattern box.
Credits to M. Raffel[36] for the image

It is preferable not to choose a box that is too large for two different reasons: since the
velocity is obtained as an avarage in the pattern box, a box that is too large leads to a
lower spatial resolution. Moreover, being the supposed pure translation motion valid only
in a local limit, the larger the box, the more the deformation effects increase, with a lower
correlation quality. Lastly with larger boxes it is possible to mediate on different motions,
thus losing physical sense.
If the seeding of particles is at an uniform mean density of σ

(
particles
pixel

)
, the probability to

find n particles in a rectangle BxBy follows the Poissonian distribution

Pµ(n) =
e−nµ

n!
(4.4)

with µ the mean particle number in σBxBy.
For example: with σ = 0.05

(
particles
pixel

)
, Bx = By = 21 Pixels. we get that µ = 20

particles that means that the distribution gives a probability of 1.6 ∗ 10−5 to get less than
5 particles. For a twice lower density we get a mean number of particles that is half than
before, resulting in a probability of having less than 5 particles up to 2.9%, which results
in a certain number of false vectors. In that case it would be necessary to increase the box
sizes or the the particle density. Usually Bx = By, while different values are justified for
rectangular pixels (i.e. particular cameras), or particular background flows.
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Search Box

The search box must contain the expected optimum pattern position on the second image.

Figure 4.9: Example of displacement and search box.
Credits to M. Raffel[36] for the image

It is defined by its center and its size in the direction x and y: Sx, Sy respectively.
An excessive size leads to an increased computation cost and appearance of false vectors,
due to spurious correlation maxima, while a smaller one to false vectors due to the missing
of the real correlation maximum. See figure 4.9 for an example of how a search box works.

Cross-Correlation Function

The algorithm that computes the cross-correlation works with the pixel intensities Ia(k, l)
and Ib(k + i, l + j), where k = 1, ..., Bx; l = 1, ..., By, in a rectangular box of size Bx and
By. a and b refer to the two images between which the correlation is computed, i and j
are the components of the displacement of the second box from the first one. The index
origin (1,1) is set in the lower left angle of the box of the first image.
The box intensity avarages are calculated as following

Īa =
1

BxBy

Bx∑
k=1

By∑
l=1

Ia(k, l)

Īb =
1

BxBy

Bx∑
k=1

By∑
l=1

Ib(k + i, l + j)

(4.5)

The average is then subtracted to each intensity and the cross-correlation, normalized by
the variance (covariance c(i, j)), is calculated for each displacement (i,j) allowed in the
search box.

c(i, j) =

∑Bx
k=1

∑By
l=1(Ia(k, l)− Īa)(Ib(k + i, l + j)− Īb)[∑Bx

k=1(Ia(k, l)− Īa)2
∑By

l=1(Ib(k + i, l + j)− Īb)2
] 1

2

(4.6)
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This direct method demands more in term of computing cost, but it allows more precision
and flexibility for small boxes.
The velocity vector is obtained as the displacement that maximizes the correlation, multi-
plied by the geometrical scale and time interval dt. An example of maximized correlation
is illustrated in figure 4.10.
In order to reach sub-pixel precision it is performed, with CIV analysis, an interpolation.
It was chosen a thin 2D interpolation method that results in a correlation that is piece-wise
polynomial at cubic order. This makes it possible to obtain precisely the maximum, min-
imizing a linear combination of global curvature and distance to the integer values c(i,j).
This method also smooths the field, introducing a smoothing parameter ρ.
Using an interpolation method, there are systematic bias of the maximum of correlation,
with respect to the integer values on which the correlation was initially defined, called
peak-locking.

Figure 4.10: Peaks in cross-correlation function.
Credits to M. Raffel[36] for the image

Measurement Grid

The cross-correlation can be calculated with the pattern box, centered at any point of the
first image, yielding a corresponding velocity vector, that are located on a measurement
grid that can be regularly spaced by a grid file of x and y coordinates. The velocity vectors
correspond to the position at the middle between the initial pattern box center and the
optimum displaced one.
For each point (x,y) on the measurement grid this point has coordinates x+ u

2dt, y + v
2dt

with (u,v) the velocity vector expressed in pixel displacement. The velocity field can be
obtained on a regular grid by interpolation, that also provides the spatial derivatives.

4.7.2 False Vectors - Fix Step

The occasional occurence of secondary maxima of the correlation is one of the major prob-
lems of CIV analysis. Usually those multiple peaks are caused by a low particle density or
bad illumination.

39



4 – Particle Image Velocimetry Analysis

An example of multiple correlation peaks can be seen in figure 4.11. To limit those false
velocity vectors, it is possible to reduce the search box, using a priori knowledge of the
velocity field, that is usually provided by a CIV treatment that can be later refined in an
iterative way.
To reduce the number of false vectors, following the method called Hart[17], the correla-
tion function at position (n,m) is multiplied by the correlation function at a neighbouring
position, shifted by Bx

2 . The correlation maximum, that correspond to the particles dis-
placement, must be close at neighbouring positions. The multiplication then enhances the
true correlation peak, since the secondary maxima are uncorrelated due to noise, resulting
in less false vectors. Further methods can be used to reduce the number of false vectors,
such as imposing thresholds and flags on correlation values (see section 6.2.2).

Figure 4.11: Example of multiple peaks. Credits to Nabil Mabrouk[29] for the image

4.7.3 Velocity Interpolation - Patch Step

For physics studies, it is interesting to know the velocity at any point. To obtain the
velocities different interpolation methods can be used, as long as they satisfy the continuity
of the derivatives.
The method used in the software implementation for the experiment I analyzed is a thin
shell spline, that does not only interpolate, but also smooths, depending on the value of the
parameter ρ. The process of smoothing can improve the result, by removing some noise.

4.7.4 Hierarchical Algorithm

The results of the first CIV processing can be improved, using an iterative path, by a
succession of false vector removal, interpolation and smoothing to make a new guess for
the analysis and a new CIV processing. The new CIV processing has reduced search zone,
uses the estimate from the previous processing and adds algorithms that take account of
deformations of the particles.
Using these methods, it is possible to obtain convergence to local correlation maxima, with
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displacement consistent with their neighbouring.
In the second CIV processing, prior knowledge is used to refine the pattern matching.
During the time lapse t, the local displacement differs from the pure translation by s·Bx,y

2 t
at the edge of the pattern box. When this shift becomes of the same order as the apparent
particle size (δ) the deformation affects the CIV analysis.
The variable ”s” can be obtained using a typical velocity U and length L as s ≈ U

L , the
deformation effects are important for dBx

2L > δ, with d the displacement.
Taking into account the deformation effects allows to increase the time interval and the
precision. The use of prior information may be used to reduce the pattern box and increase
the spatial resolution.

4.8 Error Sources and Propagations

The source of error for CIV analysis are taken from the document published by the Inter-
nation Towing Tank Conference[19].

4.8.1 Calibration

To convert measures from pixel units to physical units (i.e. cm/s) it is necessary to
introduce a step of calibration, inserting a calibration board, with known pattern and
dimensions, where the laser sheet is.
Calling lr the distance of the reference point from the camera, Lr its distance on the image
plane, obtained by detecting the reference points in pixel unit, and the eventual angle
between the board and the laser sheet θ, the magnification factor M can be evaluated:

M =
lrcosθ

Lr
≈
lr

(
1− θ2

2

)
Lr

(4.7)

Using the first order of approximation for the cosine. Considering the calibration board
parallel to the laser sheet, one of the causes of uncertanty for M may be the uncertanty
for the distances of the reference points both on the image plane(Lr) and the physical
distance (lr): Using the partial derivative rule for propagation of uncertanties it is possible
to evaluate the relative dependence

a)
∂M

∂Lr
= − lr

L2
r

[
mm

pixel2

]
b)

∂M

∂lr
=

1

Lr
[pixel−1]

(4.8)

Another factor for uncertanty is the distorsion caused by a possible abberration of the
lenses, that reflect in the magnification factor errors in the form of error in Lr. The effect
is taken in account as shown in equation (4.8a).
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4.8.2 Displacement of particle image

The spatial and temporal fluctuation of the laser could affect the dection of particles image
postion directly. Calling Xe and Xs the starting and ending position of the correlation
area, X0 the initial location in the image plane, we can calculate the position as

x = M

[
Xs +Xe

2
−X0

]
(4.9)

being the same for y. The sensitivity for the laser power fluctuation is then obtained, once
inverted equation (4.9), as

∂Xi

∂x
=

1

M

[
pixel

mm

]
(4.10)

4.8.3 Flow uncertainty

The PIV measurement based on the visualized flow image differs from the flow field due
to the velocity lag of the tracer particle acceleration and the projection from the three-
dimensional physical space to the bi-dimensional image plane.
Calling u the flow speed and δu the uncertainty factor that is caused by the above problem,
the principle of the PIV measurement can be expressed as

u = M

(
∆X

∆t

)
+ δu (4.11)

with t, being ts and te the first and second pulse time respectively, was calculated as

t =
ts + te

2
(4.12)

Since the particle trajectory affects the velocity u with δu due to the particle diameter and
the error on velocity lag from the acceleration of the fluid.

δu = 2rp · vlag (4.13)

where rp is the radius of the tracer and vlag is the percentual ratio between velocity lag
and total velocity.
The perspective of out of plane velocity components affects the in plane measured value:
calling w the normal velocity component and φ the perspective angle, the measured velocity
um can be expressed as

um = u+ w · tan(φ) (4.14)
where w · tan(φ) indicates the error component. The perspective angle φ can be estimed
by the distance from the target plane and the size of the measurement area.

4.8.4 Measurement position

One of the causes for uncertanty of measurement position is the center position of correla-
tion area. In that case the sensitivity coefficient is calculated from 4.9 as

∂x

∂Xi
= M

[
mm

pixel

]
(4.15)
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Chapter 5

Experimental Apparatus

The experiment was conducted on the Coriolis platform of the "Laboratoire des Ecoule-
ments Geophysiques et Industriels"(LEGI) located in Grenoble.

Figure 5.1: 5m diameter platform on which the experimental apparatus was built.
Credits to L. Montabone [27] for the image

The experimental apparatus, as shown in 5.2, consists of a platform of 2.5 m of radius
(5.1) that was placed on a rotating tank of 13m of diameter with a rotation period between
30 and 1000 seconds. For this experiment a rotation period of 30s and 60s were used.
A central flat sink of 80 cm of radius was used as main forcing, on top of which could be
placed a parabolic sink of 50 cm radius that could be used to take account β and γ plane
approximation(γ is the approximation in which the Coriolis parameter varies quadratically,
β the one in which it varies linearly 2.1.2). The sinks can be covered with masks to study
the dependence of the phenomenon with different sink radiuses. The radiuses used for
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Figure 5.2: Sketch of the experimental apparatus at Coriolis LEGI facility - Grenoble.
Credits to Tom Jacobi [27] for the image.

the flat sink were 27, 45, 63 and 80 cm, while, for the parabolic sink were 27 and 45 cm.
In figure 5.3 are represented different masks for the parabolic sink. Under the sink, a
fiberglass mesh of 2.5 cm was placed to uniform the flow, weighted down through glass
beads. The water collected from the sink was run back, to conserve the mass, by a pump
that could work at different fluxes: 720,1440,2880 and 3960 l

hour .
At the top of the set-up two different cameras to record the PIV images were placed.

Particles

The particles must be both bright enough to provide a contrast pattern and small enough
to minimize inertia, sedimentation effects and laser beam absorption.
In this case of homogenous density of the water, to match the fluid density particles of
size ≈ 300µm were used, which are a mesh of particles between 250 and 400µm, that have
a well defined density of 1.0236 g

cm3 . Using salinity it was possible to adjust the density
of the water to this value, preferably a little lower than the particles density. To reduce
accretition at the free surface, tensio-active chemicals were used.
A sufficient number of particles, which is obtained using 0.05 particle per pixel, was neces-
sary to achieve a good CIV result. That way, the mass concentration is usually low enough
to not perturb the flow properties.
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5 – Experimental Apparatus

Figure 5.3: Different masks for parabolic sink.
Credits to Tom Jacobi [27] for the image.

The damping of the laser sheet is a drawback that is to be avoided. Considering particles
of radius 190 µm and a scattering cross section per particle of πa2 ' 1.1 ∗ 10−3cm2, and
considering about 100 particles found on a laser beam of 100 cm length with a section of
1cm2, there is a total cross section of 0.12cm2 which means a laser beam damping of 12%

m .
To get a higher spatial resolution with small fields of view, a higher particle density could
be required. Smaller particles are then needed to avoid laser sheet absorption, which means
a viewing distance that is proportionally smaller to the reduced dimension of the particles,
in order to have the same scattering power received by cameras. [7]

Laser Illumination

To illuminate the particles, it was used a laser with optical fibres and an optical system
to generate the laser sheet. Since it is more pratical to operate with a continous laser,
expecially for moderate velocity flow, a solid state diode laser, with max output power of
6 W, was used.
To produce a laser sheet big enough to cover the whole apparatus, an oscillating mirror
that could work up to a frequency of 120 Hz was used. The oscillating frequency of the
mirror had to be synchronized with the images recording system by an electronic pulse in
order to avoid distorsions. A sketch of the laser set-up used can be seen in figure 5.4. [7]
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Figure 5.4: Laser sheet scanning for CIV in a volume.
Credits to M. Raffel [36] for the image

Cameras

The first camera (from now on camera "A") was meant to capture the jet structure near the
sink, while the second one (camera "B") was placed at the external of the flow to record
events between the sink and the source. The focal lenght of the first camera becomes
shorter at the growth of the sink radius (i.e removing the masks) for the flat case from 50
mm to 17 mm, while for the parabolic sink it is fixed at 50 mm. For the second camera,
it was fixed at 25 mm.
The frame rate varies according to the flux (higher the flux, higher the frame rate) from a
minimum of 5Hz to a maximum of 25Hz, and was the same for both cameras.
The location of the two different cameras is shown in figure 5.5.

Figure 5.5: Cameras for PIV recordings:
a) Main camera, focused on central vortex,

b) Secondary camera to record external events.
Credits to Tom Jacobi [27] for the image.
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Chapter 6

Data Processing

The experiment acquisition was firstly organized using the variation of the dimension of
the sink. Then for each sink radius (both flat and parabolic, for dimensions see chapter 5),
the acquisition were ordered again using the flux at which the pump worked, and lastly,
in three different time intervals after the pumping onset. The record for each set was 10
minutes long, and each set of acquisition was separated by a 30 minutes interval. This way
there should be one set for the formation of the jet (first ten minutes, set "a)"), and two
set for the formed event ( set "b)" and "c)"). Because at lower fluxes (i.e 720-1440 l

hour )
the time for the formation of the jet was sensibly longer than that for higher ones, set a)
does not always catch completely the formation of the jet, while from time to time it was
not always possible to record all the three sets. The rotation period of the tank was, unless
otherwise stated, of 30 seconds.
The complete dataset consists of 12 experiments for the parabolic sink and 20 for the flat
sink. I studied all the cases for the flat sink and three cases for the parabolic sink. From
the studied cases I analysed completely (see section 6.2.5) 9 set-up for the flat sink and
the three from the parabolic sink. In table 6.1 there is the list of all the experiments I
have analysed and their configurations. Series "aa)" was recorded after series "a)" without
making a break in the record. For experiment reference I will use the position in the table,
specifying the series from wich it is recorded.

6.1 Calibration process

The first thing that was required to analyse a set of images acquired, was to calibrate the
images obtained by the cameras (cf. 4.8.1).
While the PIV and CIV processes don’t strictly require to work in physical units, in order
to study the physics behind the events, it is necessary to convert from pixels to physical
units (i.e. centimetres).
The spatial calibration process consisted in making a "suitable" fit that interpolates a set
of points for which it is possible to know both the cartesian and pixel coordinates. In figure
6.1b), there is an example of how the calibration process works. The grid used to calibrate
was formed by squares that are 20 cm long. The points selected to make the plane fit are
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flux l
hour sink radius (cm) series lens focal length (mm) experiment tag

1440 27 a,b,c 50 01_x02

3960 27 a,b,c 50 02_x04

720 45 a,b 35 02_01

1440 45 a,b 35 02_02

2880 45 a,b 35 02_03

720 63 a,aa,b 25 03_01

1440 63 a,b 25 03_02

2880 63 a,b 25 03_03

3960 63 a,b 25 03_04

720 27* b 50 25_02

720 45* b 50 27_01

720** 45* b 50 29_01

Table 6.1: List of all the experiments analysed. * means parabolic sink.
** means tank rotation rate = 60 s

marked in pink.
The calibration process may rotate and/or traslate the reference system, based on where
the origin of the calibrated plane was taken (see figure 6.2).

The calibration must be made each time the camera setup is changed (i.e. focal length,
camera positions), while, for changes on the experimental setup (i.e. rotation speed of the
tank, flux variations) it is not necessary.

Since the calibration process "is" a fit, to optimize the results it was needed to minimize
both the root mean square and the maximum error. The algorithm that was used to make
the fit is based on TSAI research and is implemented as a MATLAB routine devoleped for
the UVMAT program by Coriolis Legi facility in Grenoble [39]. The routine fixes randomly
a point from the set, and from it, it tries to fit a plane with the remainings points. As
output it gives the maximum and the root mean square error besides the discrepancy from
the theoretical plane. Since it is difficult to select with high precision the correct points, it
is then possible to refine the coordinates of each point to minimize those errors and then
store the information to end the calibration process.
The points chosen for the calibration should cover as much interested area as possible, and
be well distributed. Since it is easier to identify them, the points used for calibration are
the ones that coincide with the intersections between the grids.
I used the following procedure:

1. Estabilish a set of points to which make a first raw fit.

2. Refine the coordinates of the first points used based on the output from the routine.

3. Reiterate the process untill obtaining the meant values of errors.

It is important to note that it is not advisable to nullify the errors for each point, because
it may happen to move the calibration point outside the calibration grid if we always follow
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(a) Original calibration image

(b) Calibrated image

Figure 6.1: Example of calibration for camera A. Camera lens focal length=25 mm

the suggestion made by the routine. The errors were usually caused by the deformation of
the images, especially in the corners, induced by the camera lens.
The values of error that I considered optimum were 0.1 for the root mean square and 0.6
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(a) Original calibration image

(b) Calibrated image

Figure 6.2: Example of calibration for camera B. Camera lens focal length=25 mm

for the maximum error.
The conversion from frames to seconds was made recording the time interval between each
frame.
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6.2 Velocity and vorticity fields

After the calibration was completed for both camera A (for all the used lens) and camera
B, I started to work with the algorithm, included in UVMAT, to obtain the velocity and
vorticity fields.

6.2.1 CIV

Since the amount of experiments was very large and it was the first time in which those
events were studied quantitatively with the source sink set-up, I chose to focus on the data
from the flat sink rather than the parabolic ones. That means that I mostly analysed cases
that did not take in account the γ-effect. Some cases with the parabolic sink were also
studied to look for the stability of the vortex, as it will be discussed later.
As explained in section 4.7, the first thing I had to do was to determine the dimensions of
both the pattern and the search boxes. The pattern box should be big enough to include
at least 5 particles in it. To determine the right dimensions I studied the raw displacement
of the images. The higher the displacement of each particle, the wider the dimension of
the boxes. Since there is no preferential direction for the motion of the particles, I chose
to use square shaped boxes both for the pattern and the search box.
Once set the dimensions of the pattern box, the search box was set accordingly. Finally
the grid was created, keeping in mind that the optimum overlap between each box was
maximum 50%.

(a) particle distribution 99.9 seconds after acquisi-
tion start

(b) particle distribution 100.1 seconds after acqui-
sition start

Figure 6.3: Particle displacement between two following bursts
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The last thing to set was the couple of frames that the routine uses to compute cross-
correlation. From various tests for different kind of flows, I noted that the best choice was
to utilise the two frames with the minimum time lag (i.e. the first two frames for each
burst). This lag varies with the acquisition rate set in the cameras, and ranges from 40ms
for the higher fluxes, to 200ms for the lower ones. In figure 6.3 it is shown the displace-
ment of the particles in ∆t=200 ms. The results of the CIV step are velocity fields for each
acquired burst that can be rapresented with a vectorial graph that identifies the cartesian
coordinates of the point of application of each velocity vector, its direction and length.
To check that the parameters chosen for the CIV analysis were adequate, I used a routine
that took in input all the velocity vectors for each velocity field, and returned as output
the total number of velocity vectors, the numbers of which were between certain correla-
tion thresholds and how many vectors were placed between two pattern boxes (boundary
vectors). The correlation thresholds were: 67-100%(blue vectors), 33-67%(green vectors)
0-33%(red vectors). An high number of low correlated (red and green) vectors or bound-
ary (black) ones means that the dimensions of the pattern and search box were not good
enough. On the countrary a high percent of high correlated vectors but a low number of
vectors means that the boxes were too big and need to be reduced.

Figure 6.4: Example of velocity field obtained with CIV algorithm

The presence of an high numbers of correlated vectors was not enough to prove the
goodness of a velocity field. It was necessary to study the vectorial field to identify if
there are any groups of low correlated vectors that could be caused by an error during
the algorithm processing, by particle accumulation or problems in the acquired images. In
figure 6.4 I show the results of the CIV algorithm. An higlight can be seen in figure 6.5.
Once I verified that and the values were optimized for the case under analysis, I run the

52



6 – Data Processing

Figure 6.5: Highlight of an area from figure 6.4

UVMAT algorithm for every burst of the same experiment.

Camera B

The second camera (camera B) was placed to acquire the peripherical part of the jet. It
created a series of problems that made me decide to exclude its images from the analysis.
While it is true that placed that way it shows information of the external part of the
flow, it is also true that the most part of the recorded area is not interesting because
it is outside the pump ring. That happens because of the 25 mm camera focal length
used. Another problems is that the external parts of the vortex are too slow to be of any
interest. Moreover having focused so much on the outside of the flow, the camera only
partially recorded the center of the vortex (and sometimes, if the vortex is not stable, it
could not record its center at all). This makes it really difficult to unify the informations
from both cameras. Since camera A could usually took both the center and the points of
maximum velocity of the jets, I decided to discard information of camera B to focus the
study on camera A. Figure 6.6 shows a velocity field obtained from a single CIV (not fixed
nor patched) process from an acquisition by camera B (not calibrated). There is too little
information about the center of the vortex and the jet extension, and the vectors in the
external rings are too small and of the same order of the numerical errors.
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Figure 6.6: Camera B velocity field

6.2.2 Fix process

The velocity fields may present vectors with low correlation values as well as the so called
false vectors that may have high correlation values but completely different in modulus or
direction from the sorrounding ones. They are caused by the choice of multiple correlation
peaks, or doublets/triplets/groups of cloned vectors from numerical errors of the CIV algo-
rithm. To identify those vectors, I used a "fix" process, that flags the vectors that should
be replaced during the patch process.
I used two different kind of procedure for that process: the first one, that is the fastest
between the two, is the built-in fix procedure in UVMAT. It works by setting different
thresholds for correlation values and velocity magnitude. If the velocity magnitude ex-
cedes them the vector is automatically flagged. The same thing happens if the correlation
value is not high enough. Since it does not make local analysis, this procedure is good for
particular smooth fields with an high number of high correlation vectors, or for first guess
on parameters.
The second method uses a routine that was developed by Dr Massimiliano Manfrin. It
consists of two steps. The first one flags all vectors that have velocity components with
absolute values out of a certain threshold. The threshold value is chosen using a represen-
tation of the velocity values of all the vectors on a plane. The vectors that has at least one
of the velocity component that excedes by far the majority of the vectors become flagged.

The second step puts thresholds on the standard deviation of the velocity distribution
in a small neighbourhood of each vector. The vectors directions are also confronted with
the ones in its immediate proximity. If its direction varies too much from that of the other
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(a) All the velocity vector, the one outside the circonference must be marked

(b) The remaining velocity vectors after having marked
the bad ones

Figure 6.7: Velocity vectors selection using the first step of the fix process by Dr Massimiliano
Manfrin

vectors, it gets flagged as well. That may be not effective for quadruplets/bigger groups
of "wrong" vectors. The threshold should be placed so that it is low enough to flag the
"wrong" vectors, but not to exclude the most part of them. Figure 6.7 shows the results
of the two steps of the fixing algorithm.

This procedure is much more accurate, but requires a much higher amount of time
if confronted with the UVMAT method. It is more suitable for particular complicated
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fields, as high turbolent ones, and for first iteration of the CIV analysis. For subsequent
iterations(see 6.2.4) the second method is less useful since an accurate analysis has already
been made. In figure 6.8 the discarded vectors from figure 6.4 had been marked in pink.

Figure 6.8: Results of the FIX process for figure 6.5

6.2.3 Patch process

The last step of the CIV analysis is the application of the "patch" process (as explained
in session 4.7.3) over the velocity vectors. This patch mainly does two things:

• It regularises the application points of each vector over a set of grid points, replace
the flagged vectors and add some vectors using interpolation

• It calculates all the spatial derivatives and the vorticity and divergence fields.

The interpolation method that I used is, as explained in section 4.7.3, a spline.
To apply the patch it is necessary to set the smoothing factor ρ. Its value should be
high because I am not interested in turbolent flows. I used a value of ρ = 100 for all
the experiments, while in turbolent studies is 1 < ρ < 10. It is also necessary to set the
number of grid points on both the plane axis for the interpolation grid. The number of
grid points defines both the total number of velocity vectors present in the interpolated
fields and the position of the vectors: That happens because they are equally spaced. In
fact the number of grid points for each direction(Nx, Ny) is defined by a relation between
the image resolution in that direction (res) and the relative grid step (dx, dy)

Nx =
res

dx
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and the same for Ny.
Since the image is square(1024x1024 pixels) and the grid rate is the same for both x and
y Nx = Ny.
The vorticity field is important for my analysis since it gives a first, approximative, idea
about the vortex behaviour, the main wavenumber that is present in the jet, and studying
the position of the vorticity maxima and the extension of the jet iteself. Figure 6.9 shows
the interpolation process.

Figure 6.9: Results of the PATCH process applied to the field of figure 6.5

6.2.4 Hierarchical Algorithm

To produce smoother and more accurate fields, it is possible to make further iterations of
the CIV procedure. Usually a second iteration is sufficient to analyse the resulting fields,
but in particular cases, such as higher flows (3960 l

hour ) and long lens focal length (50 mm),
it was necessary to make a third iteration.
The fields obtained with more than one iterations consists of an higher number of high
correlation velocity vectors, and a lower number of boundary vectors between the boxes.
The increse in correlation and smoothness happens because the previous analysis is used
as a first guess and deformations of the particle cluster within the pattern box were taken
into account.
The benefits of the increased number of iterations can be seen above all in the vorticity
fields, where the maxima of vorticity are more visible and localized if confronted with the
results obtained by a single iteration of the CIV. In figure 6.10 all the option and steps
that are available for a CIV analysis can be seen. The parameters shown are for example
only.
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Figure 6.10: CIV hierarchical steps

6.2.5 CIV results

The different conditions of each experiments, especially the camera lens focal length and
the flux rate produced very different results in the quality of the obtained fields.
I can roughly divide the experiments in three different cathegories based on the initial
characteristics from the first CIV process:

1. bad conditions

2. normal conditions

3. best conditions.

In the following examples I will not use the vectors field directly obtained from the
UVMAT algorithm, but a representation of the velocity modulus as it is easier to visualize.
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Bad conditions

To be able to analyse the velocity fields properly, it is important to see the center of the
vortex and the velocity vectors of the maximum of the jet. While for camera A the first
condition was always verified, the different lens focal length and fluxes at which the pump
works may make it only partially possible, or completely impossible, to see the peak of the
jet.
When I was unable to see it, there was no possibility to make any further physical con-
sideration on the field, and I discarded the relative experiment. That usually happened
with a combination of both lens focal length of 50 mm and with very high fluxes (≈ 3960
l

hour ). Another problem arised when the images were too much zoomed out (lens focal
length ≈17 mm). As what happened with camera B, there was not enough information
about the interested area as the images focus more on the external part than the jet itself.
In figure 6.11 it is possible to see that the center is well defined, but it is not possibe to
identify the jet extension (in red/dark red) beacause it develops outside the boundaries of
the image.

Figure 6.11

Normal conditions

When the center of the vortex is easily identifiable and the the jet is, at least partially,
visible, the data from the experiments can be used to make physical considerations about
the characteristics of the jet. In fact, its extension and velocity are required to derive the
dimensionless Ekman and Rossby numbers. Figure 6.12 shows that the jet is only partially
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within the bottom and lateral boundaries of the image, but is well visible in the upper part
and that is enough to identify its extension with accuracy.

Figure 6.12: Velocity modulus for experiment 6, series a)

Best conditions

When both the flow and the jet are well visible, I am in the best conditions to analyse the
data. In those cases the vorticity field is usually well defined enough to make it possible
to both use it to make a first qualitative consideration about the main wavenumber and
its evolution in the jet.
This condition happenes when the flow is moderate (≈ 720-1440 l

hour ), the flat sink radius
is 63 cm and the camera lens focal length is 25 mm.

In figure 6.13 there is an example of an optimal case for analysis: the image is well
centered and the whole jet is shown within the picture boundaries. Moreover the field is
really smooth and does not present any low correlated vector.
In figure 6.14 there is the vorticity field of the same experiment. The vorticity maximum
is easily identified and gives an hint of what the maximum wavenumber is (for this burst
the main wavenumber seems to be m = 6). In most of the vorticity fields there also is the
presence of closed lines around the maxima of vorticity that may be expression of satellite
vortices as seen in previous experiments with rotating disks and ink tracers [1].
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Figure 6.13: Velocity modulus for experiment 8, series a)

Figure 6.14: Vorticity field for experiment 8, series a)
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6.2.6 Polar coordinates transformation

Since the geometry of the events is circular, it is advisable to operate a transformation
from cartesian coordinates to polar ones. To be able to perform that transformation, it is
necessary to determine the center of the jet. In order to identify its coordinates I developed
a routine using the Interactive Data Language (IDL) programming language. It calculates
the cartesian coordinates of the center of the vortex making an elliptical fit. In order
to give more importance to the vectors with the maxima of velocity, that represent the
jet itself, the fit was made using the ratio between the velocity magnitude of each vector
and the maximum velocity magnitude (credits to C.B. Markwardt [25] for the elliptical
fit routine). I chose to use an elliptical fit instead of a circular fit to have an additional
degree of freedom. An example of the obtained elliptical fit over the velocity field is shown
in figure 6.15. The different colors represent the different velocities, from the slower ones
near the center of the vortex (in blue) to the faster ones (in red).

Figure 6.15: Example of elliptical fit over patched velocity field

The first thing that I did was to plot the center coordinates obtained to verify if the
vortex was sufficiently stationary or if it frequently changes position. I did that for all the
burst recorded for each experiment. Since a little fluctuation was expected for studies of
real cases, I decided to smooth, with a moving average, the evolution of the center to keep
the values of the coordinates as constant as possible.
In figure 6.16 there is an example of the plot of the centers over 22 seconds. In black there
is the orginal fluctuation evolution, while in red the smoothed one. Since the fluctuation
from the minimum value to the maximum one is only of 2 cm for both the ordinate and
the abscissa, the center is considered to be stationary. The smoothing order used was 15.
For the features that I want to study, it was then verified that the center can always be
considered stationary for each experiment analysed.
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(a) Center abscissa evolution

(b) Center ordinate evolution

Figure 6.16: Evolution of the vortex center position over time. The burst are acquired every 40
ms

Once I obtained the coordinates of the center, I developed another routine in IDL that
makes the transformation from cartesian to polar coordinates. The routine also transforms
the cartesian velocity components to radial and cross-radial components.
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Data Analysis

To make a complete overview for all the experiments I have analysed, I decided to make
an atlas of their velocity modulus (see appendix A). For reference on the characteristics of
each experiment see table 6.1.
All the figure shown in the atlas are representative of the last frame for each set of the
experiment in which they are taken. That makes it possible to confront them since they
are taken at the same time after the start of the experiment.

7.1 Jet radius determination and velocity profiles

The jet radius is definited as the distance form the vortex center to the points where
the velocity is maximum. To evaluate its extension I plotted the cross-radial velocity
profiles against the distance from the jet center. Since the radial component of the velocity
fluctuated around the zero I plotted only the cross-radial component. That happened
because of the set-up used, because the experiment were performed with solid rotation,
and the images were acquired far from the Ekman layer.
To plot the velocity profiles I grouped the distances in rings of 1 cm radius.
For velocity profiles the difference between set a) and sets b) and c) can clearly be seen. In
fact, while in set a) the velocity kept growing till reaching, in most cases, its characteristic
value, sets b) and c) are stationary. In this case stationarity is defined when the jet keeps
a (almost) constant speed. It is also more evident the difference between the experiments
with good conditions and the one with the best conditions (where good and best are used
as defined in section 6.2.5). In the following figures are shown the cross-radial velocity
profiles for each experiment analysed. Each black curve is a different burst and the red
line is the time avaraged velocity for each ring. It is also possible to note that even when
the acquiring conditions seem good thanks to a slow flux, it may happen that it was not
possible to identify the maximum of velocity and thus the experiment was discarded. That
did not happen when the acquiring conditions were optimal.
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(a) Experiment 1, set a) (b) Experiment 1, set b)

(c) Experiment 1, set c)

Figure 7.1: Cross-radial velocity profiles at different times from the pump onset for experiment 1
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(a) Experiment 2, set a) (b) Experiment 2, set b)

(c) Experiment 2, set c)

Figure 7.2: Cross-radial velocity profiles at different times from the pump onset for experiment 2:
set a) already seems to fall in the statonary case
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(a) Experiment 3, set a)

(b) Experiment 3, set b)

Figure 7.3: Cross-radial velocity profiles at different times from the pump onset for experiment 3
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(a) Experiment 4, set a)

(b) Experiment 4, set b)

Figure 7.4: Cross-radial velocity profiles at different times from the pump onset for experiment 4
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(a) Experiment 5, set a)

(b) Experiment 5, set b)

Figure 7.5: Cross-radial velocity profiles at different times from the pump onset for experiment 5
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(a) Experiment 6, set a) (b) Experiment 6, set b)

(c) Experiment 6, set c)

Figure 7.6: Cross-radial velocity profiles at different times from the pump onset for experiment 6
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(a) Experiment 7, set a)

(b) Experiment 7, set b)

Figure 7.7: Cross-radial velocity profiles at different times from the pump onset for experiment 7
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(a) Experiment 8, set a)

(b) Experiment 8, set b)

Figure 7.8: Cross-radial velocity profiles at different times from the pump onset for experiment 8
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(a) Experiment 9, set a)

(b) Experiment 9, set b)

Figure 7.9: Cross-radial velocity profiles at different times from the pump onset for experiment 9
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Once the velocity profiles were ready, it was possible to obtain the jet radius as the
radius at which the velocity is maximum. Since the velocity follows the same spatial
distribution, although with very different values for not stationary cases, the jet radius can
be calculated considering only the avaraged cross-radial velocity peak.
In figure 7.1 it is possible to see that the conditions of experiment 1 were not optimal for
the analysis. In fact, while the jet extension seems to be identifiable, its position is barely
inside the boundaries of the images. That can led to errors in the calculation of both the
jet velocity and radius due to lens distortion and problems with the calculating algorithm
when applied next to boundaries. Moreover there is a slight uncertainty that the velocity
may still grow outside the distance that is recorded by the camera and thus getting the
wrong extension from the jet. Those problems were caused by the camera lens focal length
that is too high for this experiment characteristics. Since in the stable sets the velocity
seemed to start to decrease within the images boundaries, I decided to use this experiment
for the analysis.
In the analysis of experiment 2, shown in figure 7.2, again the camera lens focal length was
too high. The velocity maxima are still localized at the end of the images.

Jet velocity cm
s Jet radius (cm) Sink radius (cm) set exp tag

3.55±0.09 63.87±0.02 27 a 01_x02
4.53±0.21 65.15±0.04 27 b 01_x02
4.53±0.20 67.71±0.04 27 c 01_x02
1.22±0.08 65.16±0.01 45 a 02_01
1.73±0.03 71.56±0.01 45 b 02_01
3.69±0.06 66.43±0.01 45 a 02_02
4.66±0.04 69.00±0.01 45 b 02_02
8.23±0.07 65.16±0.03 45 a 02_03
8.74±0.13 67.72±0.02 45 b 02_03
10.62±0.40 60.04±0.01 27 a 02_x04
10.82±0.33 61.32±0.01 27 b 02_x04
11.01±0.46 60.03±0.01 27 c 02_x04
1.19±0.05 72.85±0.01 63 a 03_01
1.53±0.01 77.96±0.01 63 aa 03_01
1.57±0.01 79.24±0.01 63 b 03_01
3.34±0.04 76.68±0.01 63 a 03_02
3.89±0.02 80.52±0.01 63 b 03_02
6.92±0.09 74.12±0.01 63 a 03_03
6.71±0.06 88.21±0.02 63 b 03_03
8.87±0.17 79.25±0.01 63 a 03_04
8.91±0.07 89.48±0.02 63 b 03_04
3.59±0.02 48.52±0.01 27* b 25_02
2.00±0.01 37.00±0.01 45* b 27_01
1.59±0.01 33.14±0.01 45* b 29_01

Table 7.1: Jet velocities and radiuses for all experiment analysed divided by sets. * means
parabolic sink.
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The higher flux made the velocity peaks clearly identifiable. It also made the initial
velocities higher and the stabilization process faster. That confirms that using a camera
lens focal length of 50 mm was not suitable for the study of the phenomena in the case of
a flat sink.
With the camera lens focal length of 35 and 25 mm the peaks in the velocity distribution
were all well within the boundaries of the images. That reduces the uncertainties and
errors due to the camera records as lens distorsions. For lower fluxes it is interesting to
note that the velocity distribution tends to be narrower than what happens with higher
fluxes. For set a) this is true only near the center of the vortex. This effect can be seen in
figures 7.3, 7.4, 7.6 and 7.7.
Higher fluxes also stabilized earlier the flow and thus made the velocity distribution more
compact for case a), as said for figure 7.2. This is shown in figures 7.5, 7.8 and 7.9.
In table 7.1 are shown the values of the velocity and extension of the jet I calculated. Since
I am only interested in the cases where the jet is fully formed, I averaged the results of the
last bursts for each experiment. The error for the quantities is calculated as the standard
deviation for the last bursts.

exp tag flux ( l
hours) sink radius (cm) jet radius (cm) jet velocity ( cms )

01_x02 1440 27 65.6±2.0 4.20±0.56
02_x04 3960 27 60.5±0.7 10.82±3.57
02_01 720 45 68.4±4.5 1.48±0.37
02_02 1440 45 67.7±1.8 4.18±0.68
02_03 2880 45 66.4±1.8 8.48±0.36
03_01 720 63 76.7±3.4 1.43±0.20
03_02 1440 63 78.6±2.7 3.62±0.39
03_03 2880 63 81.2±10.0 6.81±0.15
03_04 3960 63 84.4±7.2 8.89±0.03

Table 7.2: Jet velocities and radiuses for all experiment averaged between sets.

I want to see if there is any link between those quantities I calculated and the ones
I already know (flux and radius sink). Since I would have multiple values for the same
quantities, I decided to averege the values of jet radius and velocities between the various
sets. That is possible because both set b) and c) are stable and I took only the last bursts
of the set a). I did not use the values for the parabolic sink because its settings are too
much different from the flat sink. The results are listed in table 7.2. In figures 7.10 and
7.11 are shown the behaviours for the jet radius and velocity, as a function of the flux
keeping the other variables constant.
In figures 7.10 and 7.11 it is possible to see that the experiments follow the definition of
the flux, where Q = Aū where Q is the flux and A is the area. The jet can be at first
approximated as a circle, thus A = πr2. Keeping constant the flux, the radius and the
velocity are slightly inversely dependent (see figure 7.11). Keeping constant the radius of
the sink the velocity of the jet and the flux are directly dependent as shown in figure 7.10.
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Figure 7.10: Variation of the jet velocity with the flux keeping the sink radius constant

Figure 7.11: Variation of the jet radius varying with the flux constant

7.2 Analysis of the parabolic sink experiments

To verify if neglecting the γ-effect and using only the flat sink may have had consequences
on the stability of the jet, I analysed three cases acquired with the parabolic sink. The
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experiments I chose are, using table 6.1 as reference, the experiment number 10, 11 and
12.

(a) Experiment 10

(b) Experiment 11

Figure 7.12: Vorticity fields for parabolic sink

All the velocity fields obtained with the parabolic sink are well centered and contain
the whole jet. This can be seen in the atlas A.10. Moreover there is a very low number of
low correlation vectors. It is interesting to note that this happens even if the camera lens
have the focal length of 50 mm, that caused difficulties to analyze the fields with the flat
sink.
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Figure 7.13: Vorticity field for parabolic sink 12

(a) Abscissa (b) Ordinate)

Figure 7.14: Parabolic sink center distribution, experiment 10

The vorticity fields tend to be better defined than the cases taken in examination with the
flat sink with the exception of experiment 10. That is shown in figures 7.12 and 7.13. Ex-
periment 10 (see figure 7.12a), having a shorter sink radius (27 cm) may not have enough
forcing to form a localized vorticity maximum.
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Figure 7.15: Parabolic sink velocity profiles for experiment 10

Figure 7.16: Parabolic sink velocity profiles for experient 11

I then proceded to study the distribution of vortex centers. In figure 7.14 there is an
example of the distribution of the vortex center over the time both for the abscissa and
the ordinate. The center coordinates are again smoothed using a mobile average of order
15.
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Figure 7.17: Parabolic sink velocity profiles for experient 12

The distribution of the center is even more stable than the ones obtained with the
flat sink (see 6.16). The fluctuation of the center coordinates was around 1 pixel, that
is approximatively the half of the fluctuation with the flat sink. The center was then
considered to be completely stable.
All the jet is bounded within the recorded images. That is confirmed by the velocity
profiles as shown in figures 7.15, 7.16 and 7.17.
From both the velocity modulus graph and the fact that the center position does not varies
over the time, I can suggest that the γ-effect must have a role on the stability of the system.
To be able to verify that condition and the eventual extent of its role it will be needed to
make further investigation on the remaining cases.

7.3 Spectral Analysis

To find the main wavenumber and its evolution for each experiment in a quantitative and
more precise way, I decided to perform a spectral analysis for every burst of each experiment
I analysed. The spectral method I used is an autoregressive method. The routine takes
a small ring of vorticity values where the vorticity field has its maxima, and perform the
spectral analysis there. In order to have enough data to use this model, I performed again
the CIV analysis, increasing by 1.8 times the number of grid points Nx and Ny. That was
made in order to have an adequate number of vectors even among a little ring of values.
The first thing needed to perform the spectral analysis, was to find the distance from the
vortex center where the vorticity has its maximum values. To find that distance I made
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some vorticity profiles. For the vorticity profiles the same considerations made for velocity
profiles are valid. In figure 7.18 an example of vorticity profile.

Figure 7.18: Vorticity profile for experiment 8, series a)

Since the maximum of vorticity is located where the velocity profile is steeper, it is
found at a lesser distance from the vortex center than the velocity maximum. That allows
the distance to be well identifiable even for burst without perfect conditions of acquisition.
I extracted the vorticity values in three small ring around the maximum and performed
the autoregressive analysis. In figure 7.19 it is shown the result of the spectral analysis
of 50 different bursts for the experiment shown in figure 7.18. In red, pink and blue the
spectra for the different rings, in green the 95% confidence interval.

In this case the main wavenumber was clearly seen and its value ism = 6, the same that
was shown in vorticity field (figure 6.14). This wavenumber was stable and did not evolve
once the jet started to be well defined (≈ 150 seconds from the start of the acquisition).
There was a competition with the two contiguous wavenumbers (5 and 7).

It was not always possible to identify the main wavenumber with precision. In fact
sometimes the results from the spectral analysis are below the confidence interval and are
not stable enough to discern the main wavenumber from numerical fluctuations.
This can be seen in figures 7.21 and 7.20. In the case showed, it is not possible to find the
wavenumber univocally. First of all the three rings peak at different spatial frequencies.
This did not happen in the previous case (see figure 7.19. The second problem that arises
is that the peaks are not stable enough and change completely even in 3 seconds. Lastly,
even when defined, the peaks were quite always well behind the confidence level. That
conditions happened in most of the cases that I have analysed. Since the results for the
spectral analysis with this model are not conclusive and stable for most of the experiments,
I decided to not use them to characterise the shear instability. I thought to make a study
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(a) Spectral analysis at 594.6 seconds

(b) Spectral analysis at 448.6 seconds

Figure 7.19: Spectral analysis for experiment 8, series a), at different time. Time between each
burst is 3 seconds
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(a) Spectral analysis at 472 seconds

(b) Spectral analysis at 473 seconds

Figure 7.20: Spectral analysis for experiment 2, series a), at different time. Time between each
burst is 1 second
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with different models (i.e. two dimensional wavelet) but I preferred to focus on different
parts of the analysis. The spectral analysis will surely be made with different methodologies
in future work.

Figure 7.21: Spectral analysis at 474 seconds, experiment 2, series a)

7.4 Secondary vortices investigation

While in velocity fields could not be seen closed trajectories that may be a hint for the
presence of a secondary vortices formation, those kind of closed lines could be seen, as
staded before, in the vorticity fields (figure 6.14). The presence of those vortices would be
a common point with what was observed in older experiments( [1, 2]).
To verify the presence of those secondary vortices, the first thing I did was to study the
Okubo-Weiss parameter( [32, 10, 35, 26]). This parameter is a simple quantitative criterion
that makes it possible to distinguish coherent vortices from the background with low energy
and vorticity. The Okubo-Weiss paramater Q is defined as

Q = (S2
n + S2

s )− ξ2 (7.1)

with Sn = ∂u
∂x −

∂v
∂y and Ss = ∂v

∂x + ∂u
∂y the normal and shear components of the strain

respectively, and ξ = ∂u
∂y −

∂v
∂x is the vorticity. The vortex cores are the domains where Q

is negative and rotation dominates over deformation (strain). The circulation cells are the
periphery of coherent structures, and are represented by the domains where Q is positive.
That means that strain dominates over rotation and those are also areas with high kinetic
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energy. Lastly the background is the domain where Q is ≈ 0 and both kinetic energy and
vorticity are low.
I calculated Q for all the experiments and plotted them to make considerations. An example
of the results obtained studying Q is shown in figure 7.22 and 7.23.

Figure 7.22: Q parameter for experiment 8, series a)

Figure 7.23: Q parameter for experiment 8, series b)

The presence of closed trajectories in the vorticity fields is a result that appeared in
most of the experiments that I have analysed, even if the number of those trajectories
changed for each experiment and over the time accordingly with the experiment main
wavenumber. While the Okubo-Weiss criterion does not strictly dictate thresholds over
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which it can be considered valid, vortex cores and circulation cells are usually associated
with |Q| � 0 (negative values for cores and positive for circulation cells). The results
obtained for the Okubo-Weiss parameter were always 10−2 < Q < 10−1. This criterion is
also known to give false positive, especially for small values of Q.
I also used a second method to identify the eventual secondary vortices, by virtually inject-
ing into the flow some Lagrangian particles( [10, 35, 26]). To use this method I elaborated
a routine in Fortran based on the one developed by Dr Luca Montabone. The routine
interpolates all the burst acquired for each experiment with a spline to calculate the initial
velocities of the lagrangian particles given an initial position. Then, knowing the initial
velocities, it calculates the particles positions and velocities for each step using a spatial
interpolation implemented by a spline. The results are the lagrangian trajectories. The
initial position for each particle is decided by the user.
I made two different particle distribution: the first ones used 10000 particles that were
equally distribuited over all the surface of the field. The second one had 880 particles
localized in a small area of the field where the vorticity is maximum. It included the
points where the center of the secondary vortices are supposed to be. Those positions
were obtanied from the study of the Okubo-Weiss parameter. This second method is more
efficient than the first one both in time spent for calculation and in particle distribution.
That happens because there are less particles to study and they are all in the interested
areas of the field. For semplicity sake the lagrangian trajectories were calculated without
having applied the calibration.
In figure 7.24 and 7.25 the trajectories of lagrangian particles near the points where Q had
a minimum are shown.
As it can be seen from the figures, none of the trajectories had patterns that may hint the
presence of secondary vortices over the whole main vortex. This result and the velocity
fields did not show any presence of vortices within the jet. The Okubo-Weiss criterion gave
values that were too small to be able to make a positive assertion about their presence. For
those reasons I concluded that there was no formation of secondary vortices. That differed
from what resulted from the experiment made in Oxford with differential disks [1]. The
behaviour I obtained seems to be the same as in Saturn’s hexagonal North Pole vortex [16,
12].
An explanation for the presence of the closed trajectories in vorticity fields could be the
discrete placement in a polygonal shape of the velocity vectors, that may create problems
in the calculation of derivatives.
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(a) Starting point (750, 600)

(b) Starting point (362.5, 650)

Figure 7.24: Lagrangian trajectories for the experiment 8 series a) (See also figure 6.13).
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(a) Starting point (500, 725)

(b) Starting point (637, 737.5)

Figure 7.25: Lagrangian trajectories for the experiment relative at figure 6.13
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7.5 Dimensionless parameters

The dimensionless parameters (see section 3) that I wanted to study to characterize the
strain instability were the Ekman number and the Rossby number. For those dimensionless
numbers I used the same definitions that were used for the differential disks experiments.
That means that the Rossby number was defined [14, 1, 2] [44] as

Ro =
Rdω

2Ω̄H

and the Ekman number as
Ek =

ν

Ω̄H2

.
Rd is the radius of the disks and ω is the differential rotation between the disks and the
tank. Ω̄ = Ω + ω

2 and Ω is the tank rotation. ν ≈ 1.25 cSt is the cinematic viscosity and
H is the distance between the disks.

Figure 7.26: Map of the experiments and their main wavenumber (m)

In the set-up I analysed some quantities had been redifined because there were not
used disks. Rd is the jet extension, Rdω is the jet velocity and H is the height of the water
column where the forcing has effect. Since H was not known, I used the following relation
[44] for the aspect ratio A: A = H/Rd, with the approximation of A ≈ 1. That means
H = Rd. Using those approximations for all the sets of each experiment listed in table 6.1,
I obtained the values wrote in table 7.3.

I tried to map the results of the analysis plotting the Ekman number VS the Rossby
number. I grouped the experiments by the main modus that could be desumed by a visual
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Ek (10−4) Ro (10−1) modus exp tag set
6.9 0.62 chaotic 01_x02 a
6.5 0.77 chaotic 01_x02 b
6.0 0.74 chaotic 01_x02 c
6.9 0.22 2 02_01 a
5.7 0.28 4 02_01 b
6.3 0.62 4 02_02 a
5.8 0.75 2 02_02 b
6.1 1.31 4 02_03 a
5.6 1.33 5 02_03 b
6.8 1.74 chaotic 02_x04 a
6.6 1.74 chaotic 02_x04 b
6.8 1.80 chaotic 02_x04 c
5.5 0.19 6 03_01 a
4.8 0.23 6 03_01 aa
4.6 0.23 6 03_01 b
4.8 0.49 6 03_02 a
4.3 0.54 5 03_02 b
4.9 1.00 4 03_03 a
3.5 0.83 4 03_03 b
4.2 1.11 4 03_04 a
3.3 1.06 5 03_04 b
11.6 0.81 2 25_02 b
20.5 0.60 4 27_01 b
49.8 0.10 2 29_01 b

Table 7.3: Characteristic dimensionless parameter for all analysed experiments. * means
parabolic sink.

Figure 7.27: Characterization of the modus in the Oxford experiment
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inspection the vorticity fields. The result is shown in figure 7.26. I wanted to confront this
mapping with the one made by Aguiar [1] shown in figure 7.27. The comparison evidenced
that the two different way of generating shear instability gave different results. The map
obtained from the experiments I have analysed is more chaotic and it is more difficult to
divide the main wavenumber in regions.
There were also some analogies. The higher wavenumber are all in the region of low
Rossby number, and tend to decrease in value when we move to higher Rossby number.
Another analogy is that the lower wavenumber appeared only for higher values of the
Ekman parameter. It is important to note that for the case I studied there was a lower
number of records than the ones studied in Oxford. There also was an high uncertainty in
both the estimation of the height of the forced water column, and the main wavenumber. I
remember that the main wavenumber was desumed from the visual inspection of vorticity
fields and not calculated by the spectral analysis (see section 7.3).
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Conclusions and Future Work

8.1 Summary of the done work

To present a better overview of the work that I have done with the datasets from the
Grenoble experiments, I want to summarize the steps that I made to analyse them:

• I found the best parameters to perform a PIV and CIV analysis in order to obtain
the velocity fields to study, as explained in sections 6.2.1 and 6.2.5

• I made a coordinate transformation from cartesian coordinates to polar coordinates,
using an elliptical fit, as shown in section 6.2.6

• I found a precise and fast way to calculate both the jet extension and the jet velocity,
by the development of algorithms both in MATLAB and IDL (see section 7.1)

• I tried to find a method to show the main wavenumber for each experiment, using an
autoregressive spectral method as explained in section 7.3. In this regard, with the
notably exception of m = 6, obscillates between different moduses during the ten-
minutes recordings and is never mantained for more than one set of the recordings.
That behaviour for m = 6 is really interesting because it is similar to that of the
Saturn’s north pole hexagon [16, 12].

• I investigated the presence of secondary vortices in the experiments I have analysed
using the Okubo-Weiss parameter and the trajectory of Lagrangian particles. From
the results I have obtained in section 7.4 I exclude the presence of secondary vortices

• In section 7.5 I mapped the experiments I have analysed, linking the main wavenum-
ber with the dimensionless number of Rossby and Ekman. I then proceded to confront
this map with the one obained in the provious experiment in Oxford [1, 2]
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8.2 Conclusions

The contact point between the Oxford and Grenoble results is in the trend of the distri-
bution of the main moduses and the Rossby and Ekman parameters.
The difference may have been caused by the fact that all the experiments made with the
differential disks set-up used a fixed ratio for the dimension of the disks and the tank radius
of 2:1 [14] [1] [2], while in Grenoble this ratio varies with the dimension of the sinks, and
the tank boundary is located 6.5 meters away from the forcing source (sink).
It is important to say that, with respect of the Oxford experiments, I was able to study
only a limited number of cases for each setup (both flat or parabolic sink). That happened
mostly for the problems that arised with the camera lens focal length of 50 and 17 mm
that were not suitable to record the experiments, thus reducing the number of cases I could
analyse.
The absence of a way to measure the depth of the instability layer, needed to obtain both
the dimensionless parameters, reduced the possibility to confront the results between the
experiments with accuracy.
Considering all the things I have listed, I must say that the two kind of experiments, the
source-sink and the differential disk systems, have results that are quite different. In fact,
while in the Oxford [1] experiments the shear instabilities had a stationary modus once
formed and had of secondary eddies, this does not happens in the cases I have studied.

8.3 Future work

To have a better understanding of the problem, and a more accurate result with the source-
sink set-up, the first thing that is needed is to increase the number of studied cases. That
could be made by utilising the parabolic sinks cases. It is also needed to use a different
spectral model to compare the main wavenumber obtained for each experiment in order to
have high enough confidence levels. That is needed to confront the results from the two
different configurations.
The study of the parabolic sink experiments should also estabilsh if the γ-plane approxi-
mation is needed or it can be neglected, and if it has any effect on the modus of the shear
instabilities.
A new source-sink experiment should be made using only a camera focal length of 35 and
25 mm. In order to make a further confront between the two different experimental setup,
it would be needed to add a new camera to study the vertical behaviour of the instability.
That camera could take the place of the misused camera B.
It would be interesting to see if the ratio between the forcing and the tank boundaries
affects the stability of the main wavenumber and the formation of eventual secondary vor-
tices. Those two characteristics were the main differences in the results I obtained and the
ones from Oxford.
Numerical simulations with the source-sink set-up should be carried, to provide a direct
comparison with the results obtained by laboratory experiments.
In particular a numerical simulation that characterizes the vertical structure of the shear
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instability, like recently made for the differential disks set-up [44] would be needed, to
validate or dismiss the hypothesis I made for the depth of the instability layer used to
calculate the Ekman-Rossby map. This kind of simulation would also be useful to di-
rectly confront the results obtained with future source-sink experiments that also study
the vertical component of the instability.
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Atlas of Analysed Cases

(a) Set a) (b) Set b)

Figure A.1: Velocity modulus, experiment 3
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(a) Set a) (b) Set b)

(c) Set c)

Figure A.2: Velocity modulus, experiment 1
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(a) Set a) (b) Set b)

(c) Set c)

Figure A.3: Velocity modulus, experiment 2
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(a) Set a)

(b) Set b)

Figure A.4: Velocity modulus, experiment 4
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(a) Set a)

(b) Set b)

Figure A.5: Velocity modulus, experiment 5
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(a) Set a) (b) Set aa)

(c) Set b)

Figure A.6: Velocity modulus, experiment 6
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(a) Set a)

(b) Set b)

Figure A.7: Velocity modulus, experiment 7
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(a) Set a)

(b) Set b)

Figure A.8: Velocity modulus, experiment 8
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(a) Set a)

(b) Set b)

Figure A.9: Velocity modulus, experiment 9
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(a) Experiment 10 (b) Experiment 11

(c) Experiment 12

Figure A.10: Velocity modulus, parabolic sink, set b)
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